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Abstract
A major breakthrough in stellar astrophysics occurred a decade ago when a number
of space photometry telescopes were launched and began operations. In particular,
the NASA space telescope Kepler was constructed with the goal of finding Earth-
like planets around other stars in our galaxy. The technique involved observing the
same field of stars, searching for dips in the stellar light curves caused by transits of
exoplanets. For four years, the Kepler mission observed almost 200 000 stars with
a wide variety of spectral types and evolutionary states. The light curves are also
ideal for asteroseismology, the study of stellar oscillations. Fitting the frequencies of
these oscillations to stellar models returns accurate fundamental properties including
mass, luminosity, radius, and age of the observed star.
The goal of this thesis is to use a range of asteroseismic data analysis techniques to
improve the understanding of the physical properties of various classes of oscillating
stars. This thesis is split into four main chapters. Firstly, I follow the adiabatic
frequency pattern of the most evolved solar-like oscillators and observe a depar-
ture to the well known asymptotic relation. Secondly, I compare Kepler data and
stellar models of main-sequence solar-like oscillators to characterise the frequency
discrepancy, known as the surface correction. Thirdly, I devise a technique to use
the centroid of blended radial-quadrupole modes to accurately determine funda-
mental stellar parameters in F-type stars. Finally, I investigate a method to detect
stellar companions by measuring the modulation of light arrival time using stable
oscillation modes, and attempt to apply it to stars of different spectral types.
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Chapter 1
Introduction
1.1 Motivation and Outline
As the genesis of life, it should not require much convincing that the Sun is important
and should be studied. To truly understand the Sun, or any star, we must look at it
in many dimensions; from the inside and out, as well as its past, present, and future.
Stars are one of the few objects where all four fundamental forces must be carefully
considered at classical, general relativistic, and quantum mechanical levels. They
are very dynamic laboratories, but it takes millions of years to observe significant
changes in their structure. Therefore, to fully comprehend the physical properties of
a star with any set of initial conditions and at every stage of evolution, an ensemble
of stars must be considered.
Asteroseismology is a tool to study the evolution of stars based on their initial
conditions. The word ‘asteroseismology’ is derived from the Greek words ‘aster’
(star), ‘seismos’ (tremor), and ‘logos’ (reasoning, see Gough 1996). The power of
asteroseismology comes from its ability to probe the stellar interior. In many types
of stars, internal propagating waves cause it to oscillate. These oscillations result
in variations to the observed properties of the star over time, such as its brightness,
temperature, and size. The frequency and amplitude of the variations are deter-
mined by the properties of the medium that the oscillations propagate through,
such as the density and composition. Stellar oscillations have been studied since the
early 20th century when Leavitt and Pickering (1912) observed a period-luminosity
relation in Cepheids. Half a century later, Leighton et al. (1962) discovered oscil-
lations in the Sun which eventually provided unprecedented knowledge of the solar
interior (see Christensen-Dalsgaard et al. 1996). Unlike stellar evolution, the period
of these variations are on measurable timescales, that is, from minutes to years.
Therefore, asteroseismology gives a unique insight on the internal structure and
evolution of a star, especially for ones similar to the Sun.
1.2 Stellar Structure and Evolution
The remainder of this chapter will introduce basic stellar astrophysical concepts
required in this thesis: structure, dynamics, and evolution of stars like the Sun. The
best way to introduce the pertinent physics is to follow the evolution of a series
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of stars with various initial conditions on the canonical Hertzsprung-Russell (H-
R) diagram, shown in Figure 1.1. The discussion at each evolutionary stage will
focus on the physical properties that are most important to this thesis. For further
details on the topics of stellar structure and evolution, it is encouraged that the
reader consider the works by Cox and Giuli (1968), Hansen and Kawaler (1994),
Kippenhahn et al. (2012), and Hekker and Christensen-Dalsgaard (2017).
1.2.1 Pre-Main-Sequence
A star is formed from a molecular cloud if the mass of the cloud is greater than the
Jeans mass,
MJ ∝ T 1.5ρ0.5µ1.5, (1.1)
where T is the temperature, ρ is the density, and µ is the mean molecular weight of
the cloud. In this case, the gravitational potential energy of the cloud exceeds the
kinetic energy from the heat of the particles. Initially, gravity rapidly condenses the
cloud in an isothermal process until the increasing opacity makes the cloud collapse
adiabatically, quickly raising the temperature. The cloud will eventually reach a
hydrostatic equilibrium and form a fully convective protostar. Thus begins the first
stage of stellar evolution, the pre-main-sequence. The protostar will evolve down
the H-R diagram, called the Hayashi track, losing much of its luminosity. The slow
contraction will cause the protostar to stay at nearly constant surface temperature.
Internally, the star is increasing in temperature, resulting in a growing radiative core
due to a decrease in opacity.
Eventually the rate of the collapsing will slow down, increasing the effective tem-
perature at a constant luminosity. This is when the protostar enters the so-called
Henyey track. A star more massive than than 1.6 M will directly collapse onto
the Henyey track. The core becomes hotter and will lead to nuclear fusion reac-
tions converting hydrogen into helium as a source of energy. At this stage the core
is convective until the concentration of helium isotopes efficiently supports the full
proton-proton chain. A star with a mass greater than 1.1 M will continue to have
a convective core for most of its lifetime. When the star reaches thermal equilibrium
the primary source of energy is hydrogen fusion. At this point, the star has ceased
contracting and starts its life on the zero-age main-sequence (ZAMS, point A in
Figure 1.1).
1.2.2 The Main-Sequence
Under the assumptions of an ideal gas, the luminosity L and radius R of a star near
the ZAMS is strongly correlated with the initial mass. From the Stefan-Boltzmann
law:
L ∝ R2T 4eff , (1.2)
the effective surface temperature Teff is also highly dependent on mass. This thesis
will mostly consider stars with an initial mass similar to the Sun.
Stars spend most of their lifetime on the main-sequence converting hydrogen into
helium in their core (A → B in Figure 1.1). The two main nuclear processes used
to manufacture energy are either the aforementioned proton-proton chain, or, for
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Figure 1.1: Hertzsprung-Russell diagram of 1 M and 3 M models with solar
metallicity. The inset shows a close-up of the red giant stage for the 3 M
model. The letters indicate different phases of evolution: (A) zero-age main-
sequence, (B′) hydrogen core abundance of approximately 5%, (B) beginning of
shell burning, (C) maximum thickness of shell in mass, (D) beginning of the
red giant branch, (E) tip of the red giant branch, and (F) end of helium core
burning. See text for details. Image adapted from Hekker and Christensen-
Dalsgaard (2017).
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Figure 1.2: Kippenhahn diagram of a 1 M model. Hatched areas represent
regions where convection takes place. Grey and red areas indicate regions where
significant hydrogen and helium burning takes place, respectively. The right panel
shows a zoomed view of the late stages of evolution. The lettering above the panels
denote specific phases of evolution of the 1 M model shown in Figure 1.1. Image
adapted from Hekker and Christensen-Dalsgaard (2017).
a more massive star (>1.3 M) with a hotter core, the so-called CNO cycle. The
latter process uses isotopes of carbon, nitrogen, and oxygen to convert hydrogen into
helium, resulting in nuclear energy production that is very temperature sensitive,
and in turn, increases the radiative gradient. If the radiative gradient is greater
than the adiabatic gradient, energy transport in the core will become driven by
convection. For an inhomogeneous medium, the basis of this convective instability
is called the Ledoux criterion. Convection is one of the most poorly understood
mechanisms when modelling the interior of a star, and will be addressed later in
thesis.
The rate of nuclear reactions in the core of the star is primarily dependent on
its initial mass and composition. In general, the more massive a star the hotter
the interior due to the increased energy required to be at thermal equilibrium with
gravity. Therefore, despite the greater amount of fuel, a more massive star will evolve
faster than a less massive one. The main-sequence lifetime is approximately τMS ∝
M−2.5. For example, the Sun will reside on the main-sequence for approximately
10 Gyr, while a star twice as massive will have a main-sequence lifetime of 2 Gyr.
Additionally, the composition determines the internal opacity and the efficiency
of energy transportation throughout the star. Stars abundant in heavier elements
(more massive than helium) are more opaque, hence, more energy is contained in
the interior which will also increase the rate of nuclear reactions in the core.
Energy transportation from the core to the surface can come in two different forms,
convection or radiation. Figure 1.2 details the energy production and transportation
in the stellar interior over time for a 1 M model, called a Kippenhahn diagram.
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Depending on the properties of the star, the method of energy transfer will be
different between the core and the surrounding envelope. Additionally, the envelope
can be split into two layers (inner and outer) when both mechanism are present in
the star. A star near the ZAMS, with a mass up to approximately 1.1 M, will
have a radiative core and inner envelope and a convective outer envelope. For a
more massive star, the core will be convective and the thinner the convective outer
envelope will be, until approximately 1.5 M when the envelope is entirely radiative.
For a star more massive than the Sun, chemical mixing between the convective core
and the envelope is caused by convective overshoot and diffusion, neither are well
understood within the stellar interior. These mechanisms introduce hydrogen into
the core whilst maintaining a near constant core temperature, prolonging the main-
sequence lifetime of the star. This also causes a discontinuity in mean molecular
weight at the boundary of the radiative envelope, which leads to a decrease in
pressure gradient. The pressure gradient must be continuous from the core to the
surface to maintain hydrostatic equilibrium. The result is a star that increases in
radius and decreases in effective temperature as it evolves across the main-sequence.
When there is no more hydrogen in the core to fuse the core will rapidly contract
and there will be an abrupt increase in effective temperature. The star evolves on
a Kelvin-Helmholtz timescale, τKH ∝ M2RL , from the terminal-age main-sequence
(TAMS) to the subgiant phase, which is the time it takes for the star to radiate
away its total kinetic energy. This region is the so-called ‘hook’ in the H-R diagram,
seen in Figure 1.1 (B ′ → B).
For a less massive star with a radiative core, like the Sun, the hydrogen is depleted
gradually and there is little mixing between the core and outer layers. The increase
in mean molecular weight in the core is counteracted by an increase in core temper-
ature. This results in a more continuous pressure gradient to the surface. The star
will increase in effective temperature while maintaining a similar radius over time
(A → B in Figure 1.1). The hydrogen in the core will eventually be exhausted and
the star will steadily enter the subgiant phase. Therefore, there is no hook present
in lower-mass stars (B → C in Figure 1.1).
1.2.3 Subgiant Stage
A subgiant star fuses hydrogen in a thin shell surrounding the inert helium core. For
a higher-mass star, the core increases in mass until it can no longer withstand the
pressure of the envelope. The core will contract under gravity and the surrounding
shell will expand. The star will rapidly inflate an order of magnitude while decreasing
the effective temperature up to a few thousand kelvin, as shown in Figure 1.1 (B→
D). This transition also turns the outer most layer into a convective envelope.
The core of a lower-mass star consists of an electron-degenerate gas. It is sup-
ported by electron degeneracy pressure due to the Pauli exclusion principle. The
stellar radius will also increase but the drop in effective temperature is not as severe
as a higher-mass star because the inert helium core can withstand the gravitational
pressure of the envelope.
The time a star spends on the subgiant branch is on a similar scale as the pre-
main-sequence, but much shorter than the main-sequence. The duration is about 5%
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of its total lifetime for higher-mass stars and equates approximately to the Kelvin-
Helmholtz timescale, while in lower-mass stars the duration is approximately 20%
of its main-sequence lifetime.
1.2.4 Red Giant Stars
Stars entering the red giant stage of evolution have a relatively narrow range of
possible temperatures, generally between 3500 and 5000 K. The convective enve-
lope starts to dramatically expand, while the hydrogen-burning shell begins to thin.
The core will gain mass from the helium produced in the shell. For a star with a
degenerate core, the surface luminosity is dependent on the mass of the core and
will contract as it grows. Despite the cooling of the stellar surface, the star rapidly
increases in size and luminosity as it climbs Hayashi track in the opposite direction
as the pre-main-sequence, referred to as the red giant branch (RGB). In general, a
more massive star will begin its ascent up the RGB sooner and at a more luminous
point (D in Figure 1.1).
For a higher-mass star, the pressure from the outer layers results in helium fusion
at a lower luminosity. For a star with a mass less than ∼2 M, the core will be
degenerate up until the tip of the RGB, and helium fusion will occur at a critical
core mass of Mc = 0.45 M. Therefore, lower-mass stars begin this process at a
common luminosity resulting in an upper-bound on the luminosity of RGB stars,
approximately 2500 times more luminous than the Sun. The ignition of helium in the
degenerate core leads to a sharp increase in core temperature and nuclear reaction
rate. However, the degeneracy pressure will still dominate causing an unstable
thermal runaway process, called the helium flash. This only lasts a few seconds
before the core expands and cools as the degeneracy pressure finally concedes to the
thermal pressure, resulting in a stable non-degenerate helium burning core.
Once again, the star will rapidly shrink back down the Hayashi track. Energy
production is driven by helium fusion in the core, as well as hydrogen fusion in a
shell around the core. This region on the H-R diagram is stable and effectively the
core-helium-burning main-sequence, also called the horizontal branch. A star with
mass similar to the Sun, will be present here for approximately one percent of its
main-sequence lifetime (see Figure 1.2). Lower-mass stars that underwent a helium
flash all have cores of a similar mass and will settle at a very similar spot on the
H-R diagram, called the red clump. For a more massive star, the steady ignition
of helium will cause it to settle on the secondary clump (Girardi 1999), which is
located at the lower-left of the inset in Figure 1.1. A secondary clump star will
spend more time, relative to their main-sequence lifetime, burning helium in its core
than a red clump star. The luminosity of the secondary clump stars decreases with
increasing mass until ∼2 M when the luminosity increases at a nearly constant
effective temperature.
The evolution process is similar as it was before on the main-sequence. Helium
burning will result in a denser core over time, and eventually the core will be ex-
hausted of fusable material (F in Figure 1.1). The inert core will consist of carbon
and oxygen surrounded by concentric shells of helium and hydrogen also undergoing
fusion. At this stage, the star will once again inflate and increase in luminosity
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along a path similar to the RGB, called the asymptotic giant branch (AGB). The
maximum luminosity and radius of a star on the AGB greatly exceeds that of a star
on the RGB.
Depending on the initial mass of the star, this process will repeat a number of
times, that is, the star will start fusing carbon, and then heavier elements, up to
iron. However, the evolution only reaches this stage in much more massive stars
that are not considered in this thesis (at least 8 to 25 M), and each element will be
exhausted faster than the last, generally between∼1 day and 103 years. At this point
the star is unable to produce thermal energy to counteract gravitational collapse as
nuclear fusion of elements heaver than iron, because they are endothermic.
1.2.5 Post-Giant and Binary Stars
In isolation, the evolution of a star depends mostly on its initial mass. For stars
in the mass range considered in this thesis, strong stellar winds stimulate mass
loss during the AGB stage. This strips away the outer envelope until only the hot
electron degenerate core is left, known as a white dwarf. The ejected material may
form a planetary nebula or be accreted by a companion star, if present. The mass
of the core can vary, up to the Chandrasekhar limit (Mc ' 1.4 M), but most will
have a mass between 0.5 and 0.7 M. The composition depends on the stage of
evolution when the nuclear reactions ceased, most often carbon and oxygen. On
the H-R diagram (Figure 1.1), white dwarfs settle in an area under and parallel to
the main-sequence. They remain stable supported by electron degeneracy pressure,
cooling slowly over billions of years.
A star with a core more massive than the Chandrasekhar limit, or if a white
dwarf accretes enough matter, gravity will overcome the electron degeneracy pressure
resulting in a different remnant. A core mass of up to ∼3 M will collapse into a star
supported by neutron degeneracy pressure, called a neutron star. They are much
more compact than a white dwarf, having radius of ∼10 km. Due to the conservation
of angular momentum, they can rotate with periods on millisecond timescales. This
rotation is extremely stable but the period gradually increases over time. Finally,
even more massive stars will collapse past the point of neutron degeneracy into a
singularity, called a black hole, such that the gravitational escape velocity exceeds
the speed of light. Both of these compact objects will emit a tremendous amount
of energy, a so-called supernova, as they collapse into their final forms.
Binary stars are useful to study because the components are born of the same
material and at approximately the same time. They can experience unique stages of
evolution depending on their initial conditions, including their orbital parameters.
While most binary stars do not interact with their companion, some are close enough
to gravitationally distort the spherical shape of one of the stars, or even make
‘contact’ between each other. This contact can transfer mass from one star to its
companion. Stars in a binary are often different masses, hence, they will evolve at
different rates. For example, one star may be on the RGB while its less massive
companion may still be on the main-sequence. If the conditions are right, it is
believed that mass can transfer from the giant star to its companion leaving just
the helium burning core surrounded by a layer of helium and a very thin layer of
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hydrogen. These rare and not well understood stars are referred to as a subdwarf
B (sdB) star (Heber 2009). They are found on the H-R diagram between the white
dwarfs and the ZAMS, on the so-called the extreme horizontal branch.
1.2.6 Summary
This chapter has outlined how the changing physical mechanisms and stellar struc-
ture affects the evolution of a star. In general, much can be said about the past,
present, and future of a star based on a small number of macroscopic initial pa-
rameters, such as mass and composition. However, aspects of the standard stellar
theory are incomplete, such as an analytic model of convection. Additionally, the
number of free parameters to consider when modelling a star is much greater than
just mass and composition. Some of the physical processes neglected in this chap-
ter include rotation, diffusion, and magnetism. Assumptions are often made about
these processes which can result in discrepancies between theory and reality.
The goal of this thesis is to better understand the structure and evolution of stars
like the Sun. This is achieved in this thesis by directly comparing theoretical mod-
els to observations. There are many ways to observe the surface of a star, but one
technique can probe the stellar interior to help understand its internal structure,
asteroseismology. The next chapter details the theory of asteroseismology, and in-
troduces the scientific instruments used to source the observed data used in this
thesis, such as NASA’s Kepler space telescope. Chapter 3 explores the mode identi-
fication and evolution of the brightest solar-like oscillators, the M giants. Chapter 4
investigates various stellar modelling techniques to help understand the discrepancy
between the theoretical and observed oscillation frequencies for main-sequence solar-
like oscillators. Chapter 5 adopts a similar method used in the previous chapter to
consider stars with blended modes in their oscillation power spectrum. In Chap-
ter 6, oscillation arrival times are tested on a variety of stellar types to determine
the parameter space which is suitable for finding binary stars with asteroseismology.
Finally, Chapter 7 will conclude the thesis with a summary of the results and a dis-
cussion on the possible future work considering the next generation of observational
data.
Chapter 2
Asteroseismology of Solar-like
Stars
The first part of this chapter will focus on the theory behind the asteroseismology
of solar-like stars. The second part will give a description on techniques required
to calculate stellar models. The last part will be a brief history of the instruments
used to observe stellar oscillations, including the NASA space telescope Kepler.
This chapter on asteroseismology mostly follows the works by Aerts et al. (2010),
Handler (2013), and Chaplin et al. (2014). The reader should also consider the work
by Basu and Chaplin (2017) for a more detailed description (with example exercises)
on Fourier and data analysis techniques using asteroseismology.
2.1 Fundamentals of Asteroseismology
To understand oscillations in stars, consider an organ pipe that is open at just one
end. Air passing through the pipe excites standing waves within it at frequencies
(pitches) inversely proportional to multiple fractions of the pipe length. Hence, the
sound the organ pipe makes depends mostly on its fundamental properties, and
the composition of the gas within the pipe. The physics of stellar oscillations are
analogous to an organ pipe, but in three-dimensions.
2.1.1 Mathematical Description
Stars considered in this thesis are assumed to be spherically symmetric. In cases
where it is not, it can be distorted due to rapid rotation, a near-by companion,
or excessive mass loss. Mathematically, the oscillations of a spherically symmetric
star can be described using displacement in three orthogonal directions (r, θ, φ).
Each quantity describes a surface throughout the sphere: concentric shells with
constant radius r, cones with constant co-latitude θ (angle measured from the pole),
and planes with constant longitude φ. The complex displacements ξ to the three
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equations of motion, as function of time t, are given by
ξr(r, θ, φ, t) = a(r)Y
m
l (θ, φ) exp (−i2piνt), (2.1)
ξθ(r, θ, φ, t) = b(r)
∂Y ml (θ, φ)
∂θ
exp (−i2piνt), (2.2)
ξφ(r, θ, φ, t) =
b(r)
sin θ
∂Y ml (θ, φ)
∂φ
exp (−i2piνt), (2.3)
where a(r) and b(r) are the amplitudes, ν is the cyclic frequency, and Y ml (θ, φ) are
the spherical harmonics at a given angular degree l and azimuthal order m. The
spherical harmonics are given by
Y ml (θ, φ) = (−1)mclmPml (cos θ) exp (imφ), (2.4)
where Pml is the Legendre polynomial given by
Pml (cos θ) =
1
2ll!
(1− cos2 θ)m/2 d
l+m
d cosl+m θ
(cos2 θ − 1)l, (2.5)
and clm is the normalisation constant given by
clm ≡
√
2l + 1
4pi
(l −m)!
(l +m)!
, (2.6)
which makes the integral of Equation 2.4, over the unit sphere, always equal to 1.
So far, three canonical asteroseismic parameters have been mentioned which de-
scribe important macroscopic observable quantities. The frequency ν is sensitive to
the structure of the star, as mentioned throughout the thesis. The other two are
integer quantum numbers that describe the number of nodal lines on the surface of
the star for a given mode. The angular degree l ≥ 0 specifies the total number of
nodal lines, and the azimuthal order m (ranging from −l to l) indicates the number
of the nodal lines that are longitudinal. Additionally, a third quantum number n,
the radial order, describes the number of radial nodes in the interior of the star, and
is analogous to the overtones in an organ pipe.
Figure 2.1 shows the possible spherical harmonics for the first five angular degrees.
The l = 0 mode is referred to as the breathing or radial mode due to it expanding
and contracting radially. Higher angular degrees are referred to as non-radial modes,
with l = 1 being the dipole, l = 2 the quadrupole, and l = 3 the octupole modes,
and so on.
A number of factors limit the number of modes which can be observed. Firstly,
a star is a point source, hence, it is not possible to resolve the displacements due to
oscillations at two different locations on the stellar surface. Therefore, cancellation
effects greatly hinder the observation of higher angular degree modes (l > 3) for stars
other than the Sun. Secondly, asteroseismology and the azimuthal order is a useful
tool to analyse stellar rotation (see Gizon and Solanki 2003) and magnetic activity
(see Handler 2013). However, m is degenerate when the stellar rotational frequency
is much less than ν, hence, the non-zero m components are often neglected. Despite
this, the number of possible observed modes is on the order of a few dozen in a main-
sequence star, which is enough to accurately determine a number of fundamental
stellar parameters.
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Figure 2.1: Spherical harmonics for the first five angular degrees with only
positive azimuthal orders. The radial mode (l = 0) has no nodal lines as it
expands and contracts the star radially. For non-radial modes (l > 0), the red
and blue colouring represents positive and negative displacements, respectively.
Image taken from White (2014).
2.1.2 Excitation and Propagation of Oscillations
Stellar oscillations can be produced in a number of ways. In the previous chapter,
it was mentioned that energy transfer in the star can either be through convection
or radiation. These mechanisms also power the oscillations, and both can exist in a
single star. Convection of gas in the outer envelope generates turbulent motion which
stochastically excites acoustic waves near the stellar surface. Gradients in pressure
generate a restoring force allowing the waves to propagate through the interior of
the star. Pressure waves with the same frequency as the natural frequencies of the
star will create resonating modes, called p modes. These types of modes as referred
to as solar-like oscillations and can be seen in most stars with a convecting outer
envelope. Non-radial modes are refracted by the increase in density in the stellar
interior. The wave will respond to any changes to the medium as it travels through
various regions of the star, which can give valuable information about the inner most
structure of the star. p modes that are stochastically excited through convection are
also damped by convection. The mode lifetime τ , defined by the time it takes for
the amplitude to decay by a factor e, varies depending on the type of star, ranging
from a few days in the most Sun-like stars to the order of years for the most evolved
red giants.
There exists another type of mode, g modes, where the restoring force is gravity.
Unlike p modes, they do not oscillate radially. They are present in most Sun-like
stars but they are often confined to the core and cannot be observed until the post-
main-sequence stages of evolution. A young star with a less-massive core will have
much lower-frequency g modes than p modes. As it evolves, the star will become
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Figure 2.2: Schematic H-R diagram of the different types of known stellar
oscillators. The blue regions represents stars that oscillate with p modes, while red
regions are g mode oscillators. Note that stars can be a hybrid with multiple types
of stellar oscillations. The dash-dotted lines represent select parts of evolutionary
models including the main-sequence, horizontal branch, and extreme horizontal
branch. The parallel lines (containing stars like δ Ceps) are the boundaries of the
classical instability strip. Image taken from Handler (2013).
less dense and the p mode frequencies will decrease. Simultaneously, the core will
contract and the g mode frequencies will increase. As the two frequencies become
similar, coupling will occur between the p and g modes of the same angular degree.
These coupled modes, known as mixed modes, initially appear in the subgiant branch
stage and are a useful diagnostic of the core properties.
Convection is not the only way that a can mode can become excited. Hotter
stars that have a radiative layer can host a heat-engine (κ) mechanism which drives
oscillations, either in the envelope or the core. An ionised layer within the star
will absorb radiation due to its high opacity. The radiation pressure expands the
layer causing it to cool and become transparent, allowing energy to escape. The
layer will then collapse back into the star and the cycle will repeat once it becomes
ionised again. These oscillations are much more coherent and are typically larger in
amplitude than the stochastically excited modes from convection. They are unstable
modes, hence, these stars exist on the H-R diagram in the so-called instability strip
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(Saio and Gautschy 1998), shown in Figure 2.2. δ Cepheid (Cep) variables were the
first of these types of stars to be discovered and have a strong, and extremely useful,
relationship between their oscillation period and absolute luminosity. Other stars
with κ-mechanisms exciting the oscillations and considered in this thesis are Miras,
sdBs, δ Scutis (Sct), γ Doradus (Dor), and white dwarfs. The oscillations of the last
two examples are exclusively g mode oscillators.
Figure 2.2 shows the different types of stellar oscillations. The intrinsic variability
of a star can also be caused by multiple driving mechanisms. It was previously
mentioned that evolved Sun-like stars can have p and g modes. Additionally, δ Sct
and γ Dor oscillations can exist in a single star, referred to as a δ Sct/γ Dor hybrid.
The low frequency γ Dor oscillations do not couple with the higher frequency δ Sct
ones, but both are observable. sdBs also oscillate in both p and g modes. The g
modes are excited by the κ-mechanism in the core, while the p modes are excited
in a thin envelope surrounding the star. The p modes, in sdBs, are much lower
amplitude and have shorter periods than the g modes.
2.1.3 Oscillation Power Spectrum
The oscillation power spectra is a paramount tool used in observational asteroseis-
mology. This section will focus on explaining the features of a power spectrum
produced from a photometric time series of a solar-like oscillator. For a more de-
tailed mathematical description of spectral analysis and digital signal processing it
is encouraged that the read refer to works by Appourchaux (2014) and Campante
(2018).
The power P , at frequency ν, of the intrinsic stellar variability due to oscillations
is the sum of noise N(ν) and n signals (modes) Si(ν),
P (ν) = N(ν) +
n∑
i=1
Si(ν). (2.7)
Noise exists at all frequency, but the profile depends on the excitation mechanism
of the star. Stars with a radiative outer envelope will be dominated a white noise
profile caused by photon shot noise, that is, the average power of the noise N0
is approximately equal at all frequencies. For a solar-like oscillator, the power of
the noise decreases with increasing frequency until the white noise dominates. The
source of this noise is dominated by surface granulation, and was initially described
by Harvey (1985) as a Lorentzian centred at zero frequency. Since then, multiple
sources are known to contribute to the background noise (e.g. granulation, faculaes,
surface activity) and a higher-order term is included to better approximate the
background noise model at higher-frequencies (see Karoff 2008; Huber et al. 2009),
given by:
N(ν) = N0 +
k∑
i=0
4σ2i τi
1 + (2piντi)2 + (2piντi)4
, (2.8)
where k is the number of background noise sources, σ is the root mean square (rms)
intensity, and τ is the timescale of the background noise. Many other sources of noise
exist in the power spectrum, particularly low-frequency instrumental noise, but the
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influence of other noise components will vary between the star and the instrument
used to observe it.
The brightness is most commonly recorded as flux, proportional to the number of
photons received from a star at a given time t. A single oscillation mode produces a
brightness variation that can be modelled as a one-dimensional harmonic oscillator.
The flux y of a stochastically driven and damped oscillator is described by
d2y
dt2
+ 2η
dy
dt
+ ν0y = f(t), (2.9)
where η is the linear damping rate, ν0 is the oscillation frequency, and f(t) is a
random excitation function.
Many stars driven by the κ-mechanism can be assumed to have perfectly coherent
oscillations, that is, η = 0 and f(t) = 0. In this case, the solution to y results in a
simple harmonic oscillator, expressed as
y(t) = Ymax sin (2piν0t+ Φ), (2.10)
where Ymax is the amplitude of the oscillation and Φ is the phase of the oscilla-
tion. Chapter 6 will discuss the effects of stellar kinematics, for example binary
stars, resulting in a Φ that varies as a function of time. The Fourier transform of
Equation 2.10 would be a Dirac delta function at frequency ν0. However, stars are
observed for a finite duration T , therefore, y(t) is multiplied by a box function of
width T . The Fourier transform of this time-bound sinusoid is
Y (ν) = YmaxT sinc (T (ν − ν0)) . (2.11)
Finally, taking the square of Equation 2.11 gives the power of the oscillation.
In the presence of stochastic driving and damping, e.g. a solar-like oscillator, the
Fourier transform of Equation 2.9 is given by
−ν2Y − i2ηνY + ν20Y = F (ν), (2.12)
where F (ν) is the Fourier transform of f(t). Assuming the damping rate is much
smaller than the oscillation frequency, the average power will converge to:
〈S(ν)〉 ' 〈|Y (ν)|2〉 ' 1
4ν20
〈Sf (ν)〉
(ν − ν0)2 + η2 , (2.13)
where 〈Sf (ν)〉 is average power of the random excitation function. The Lorentzian
mode profile of Equation 2.13 is centred around ν0 with a width of Γ = 2η. To
properly resolve the oscillation signal, a star must be observed for a duration that
is much longer than the frequency of oscillations. Note that Equation 2.13 neglects
non-zero azimuthal m-components, which are degenerate in the power spectrum
unless there is significant stellar rotational or magnetic fields.
In practice, the functional forms of Equations 2.11 and 2.13 are only approxima-
tions. Inconsistent sampling and gaps in the time series create aliases in the power
spectrum. Aliases manifest as additional peaks in the power spectrum, which can
be confused as oscillation modes. Most notable are aliases caused by the day-night
cycle or gaps between seasons, both can be avoided when observing from space (see
Section 2.3.1). If these discontinuities are consistent in time, then the aliases are
regularly spaced with a splitting equal to the frequency of the gaps.
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Figure 2.3: (a) Oscillation power spectrum of the Sun calculated from 10 days
of radial velocity observations with the Birmingham Solar-Oscillations Network
(BiSON) instrument (Chaplin et al. 1997). (b) is a close up of (a) showing a
few radial orders. Each mode is labelled with its radial order and angular degree
(n, l). Dotted lines mark sequential radial orders with a frequency separation
of approximately ∆ν. Examples of two small separations, δν02 and δν13, are
indicated. Image taken from Bedding (2014).
2.1.4 The Asymptotic Relation
The analogy of the musical instrument becomes more obvious when looking at the
oscillation power spectrum of the Sun, or a similar star, shown in Figure 2.3. In
Fourier space, solar-like oscillations have a recurring frequency spacing bounded by
a roughly Gaussian envelope. Asymptotic theory of stellar oscillations (Shibahashi
1979; Tassoul 1980) suggests that mode frequencies ν of high radial order n and low
angular degree l follow a distinct pattern, approximately given by
νn,l ' ∆ν
(
n+
l
2
+ 
)
− δν0l. (2.14)
Here, ∆ν is the large frequency separation which describes the frequency separa-
tion between sequential radial orders of the same angular degree. From asymptotic
theory, it can be shown that the large separation is equal to the travel time of the
acoustic wave across the diameter of the star (Christensen-Dalsgaard 2003):
∆ν =
[
2
∫ R
0
dr
c(r)
]−1
, (2.15)
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The large separation is dependent on the radius R of the star and the speed of sound
c(r) in the stellar interior. Assuming the sound wave travels adiabatically, its speed
is given by
c(r) =
√
γP
ρ
. (2.16)
where γ is the adiabatic index, P is the pressure, and ρ is the density. Using the ideal
gas equation, ρ ∝ µP/T , the speed of sound is entirely dependent on the composition
and temperature of the medium it is passing through, c ∝√T/µ. Additionally, the
mean temperature of an ideal gas can be estimated as a function of mass, radius,
and mean molecular weight: T ∝ µM/R, hence c ∝ √M/R. Substituting this
sound speed approximation into Equation 2.15 shows that the large separation can
be expressed as
∆ν ∝
(
M
R3
)1/2
∝ √ρ, (2.17)
the square-root of the mean density of the star.
In Equation 2.14 the term δν0l, called the small separation, is the average fre-
quency shift of a non-radial mode with respect to the adjacent radial mode. For a
given radial order, the small separation is described as:
δνn,l = −(4l + 6) ∆ν
4pi2νn,l
∫ R
0
dc
dr
dr
r
. (2.18)
The small separation is sensitive to the sound-speed gradient in the star, which
is dependent on fundamental physical properties (Equation 2.16). Equation 2.18
qualitatively states that modes of different frequencies and angular degree probe
various depths of a star. Therefore, the frequency shifts of the non-radial modes
contribute information about the internal stellar structure. In particular, the small
separation is a useful indicator of stellar evolution and age in main-sequence stars.
The small separations can be directly measured from the oscillation power spectra.
The three most commonly used small separations are given by:
δν02 = νn,0 − νn−1,2, (2.19)
δν01 =
1
2
(νn,0 + νn+1,0)− νn,1, (2.20)
δν13 = νn,1 − νn−1,3. (2.21)
The δν01 small separation is a function of two different l = 0 radial orders, be-
cause the l/2 term in the asymptotic relation separates adjacent angular degrees
by approximately half the large separation. Finally, the dimensionless quantity  in
Equation 2.14 is dependent on the inner and outer turning point of the oscillations,
and is most sensitive to the surface layers of the star.
An e´chelle diagram is a useful tool to analyse the asymptotic relation, as well as
presenting the modes of solar-like oscillators. Shown in Figure 2.4 for the Sun, it
is simply a plot of frequency as a function of frequency modulo ∆ν. Additionally,
symbol size or shaded contours can be used to indicate the oscillating power (exam-
ples shown later in the thesis). The values of  and the small separations can easily
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Figure 2.4: E´chelle diagram of oscillation modes (up to l = 3) detected in the
Sun with 8640 days of BiSON data (Broomhall et al. 2009). Each mode is plotted
as frequency against frequency modulo ∆ν. The dotted line marks the position
of the radial mode ridge centroid, which is used to determine the value of . The
frequency separation between the dipole modes and the approximate midpoint
of sequential l = 0 radial orders (dashed line) shows the δν01 small separation.
Image taken from Huber (2011).
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be extracted from an e´chelle diagram. Due to the asymptotic relation, each angular
degree follows a ridge, which can be classified depending on its position relative to
other ridges and a stars expected value of .
Figure 2.4 also shows clear departures from the asymptotic relation. The most
common is high-order curvature, which can significantly shift the frequencies at lower
radial orders. However, additional terms are conventionally neglected in the asymp-
totic relation in favour of a more simplified form. In hotter solar-like oscillators, the
presence of acoustic glitches (see Gough 2002) also leads to deviations in the asymp-
totic relation. Glitches occur due to discontinuities in the internal stellar structure
(see Christensen-Dalsgaard 2003), for example a shallow convective zone or a layer
of ionised matter. The observed mode frequencies will be shifted from the asymp-
totic relation if these abrupt features are within the oscillation cavity. The result
is higher-order curvature where the intensity depends on mode frequency, angular
degree, and details of the discontinuous zone, and can reveal detailed information
of the subsurface structure.
2.1.5 Additional Properties of Solar-like Oscillations
In addition to the mode frequency, mode amplitude is an important observable used
in asteroseismology to determine stellar properties. The frequency of maximum
power is known as νmax. This value, and the amplitude of power excess, are both
related to the damping and driving of the oscillations.
The upper bound of which an acoustic mode can be reflected is called the acoustic
cut-off frequency νac (see Christensen-Dalsgaard 2003). There is an observed relation
between νmax and the acoustic cut-off frequency (see Brown 1991; Belkacem et al.
2011), given by
νac ∝ νmax ∝ c
2Hp
. (2.22)
Assuming an isothermal atmosphere, Hp is the pressure scale height given by
Hp =
PR2
ρGM
, (2.23)
where G is the universal gravitational constant. Assuming approximations for an
ideal gas, and that the temperature is roughly the effective temperature, νmax scales
with fundamental stellar parameters:
νmax ∝ M
R2
√
Teff
∝ g√
Teff
, (2.24)
where g is the surface gravity (Brown et al. 1991; Kjeldsen and Bedding 1995). Like
∆ν, νmax gives insight on the evolutionary state and properties of a star. The two
values have been shown to be strongly correlated for both main-sequence and red
giant solar-like oscillators (e.g. Stello et al. 2009; Huber et al. 2011). Deviations
from the observed power-law relation, given by
∆ν ' ανβmax, (2.25)
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with α ∼ 0.22 and β ∼ 0.80, are the result of differences in fundamental stellar
parameters.
Equations 2.17 and 2.24 can be combined to estimate a star’s mass and radius if
∆ν and νmax are known through asteroseismology, and Teff is also known, generally
through spectroscopy:
M
M
'
(
νmax
νmax,
)3(
∆ν
∆ν
)−4(
Teff
Teff,
)3/2
, (2.26)
and
R
R
' νmax
νmax,
(
∆ν
∆ν
)−2(
Teff
Teff,
)1/2
. (2.27)
Equations 2.26 and 2.27 are scaled by the values of the Sun (typically: ∆ν = 135.1
µHz, νmax, = 3090 µHz, Teff, = 5777 K). These asteroseismic scaling relations
have been tested and are valid on a wide range of solar-like oscillations types, from
Sun-like stars (e.g. Kallinger et al. 2010; Chaplin et al. 2011; Huber et al. 2013) up
to the red giant stage (e.g. Silva Aguirre et al. 2012; Brogaard et al. 2012; Huber et
al. 2012; Miglio et al. 2012; White et al. 2013; Gaulme et al. 2016; Huber et al. 2017;
Yu et al. 2018). However, the precision of the scaling relations varies significantly
between targets, and must often be validated using additional observational sources
and techniques. When a large ensemble of stars is concerned, the scaling relations
are often preferred over fitting individual frequencies to stellar evolution models to
determine masses and radii.
Mode amplitudes can also be used to estimate stellar parameters. Kjeldsen and
Bedding (1995) suggested that the velocity amplitudes of solar-like oscillations scale
as:
vosc ∝
(
L
M
)s
, (2.28)
which can be extended to a photometric amplitude Aλ as a function of observed
wavelength λ, given by
Aλ ∝ vosc
λ
T−reff . (2.29)
Mode amplitudes are dependent on stochastically driven and dampened oscillations,
therefore, they are more difficult to model and compare to observations than fre-
quencies, but are still useful for asteroseismology (e.g. Kjeldsen and Bedding 2011).
Huber et al. (2011) showed that the values r and s in Equations 2.28 and 2.29
will be affected by the presence of magnetic fields, also known as ‘stellar activity’,
as well as the mode lifetime, given by
τ =
1
piΓ
, (2.30)
where Γ is the full-width half-maximum (FWHM) of the mode. In general, mode
line width is correlated with effective temperature in main-sequence stars (e.g. Ap-
pourchaux et al. 2012). For a given observed star, mode line width will broaden
with increased frequency, with a significant jump after νmax (e.g. Chaplin et al.
1997; Barban et al. 2009; Ballot et al. 2011; Lund et al. 2017). A longer mode
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lifetime also results in larger amplitudes due to the coherence of the oscillations.
The hottest solar-like oscillators, F-type stars, can have a line width greater than
the frequency separation of the radial and quadrupole modes making it difficult to
resolve these modes individually. Chapter 5 will investigate ways of observing and
modelling stars with unresolved modes.
2.2 Modelling Solar-like Oscillations
The asteroseismic scaling relations are useful to estimate mass and radius, but they
are only approximations. Calculating and fitting a stellar model to observed data
is a more accurate way of determining fundamental stellar parameters. Properties
which are often considered when comparing stellar models to observed data include
elemental abundances, effective temperature, and luminosity. Including asteroseis-
mology in stellar modelling increases the number of parameters by the number of
observed modes. This improves the accuracy and precision of the estimated funda-
mental stellar parameters, which greatly enhances our understanding of the structure
and evolution of stars.
Stellar evolution models are constructed by specifying the initial mass and compo-
sition of a protostar. The protostar is evolved through the many stages of evolution,
outlined in Chapter 1.2, until a chosen point or if it closely matches the parameters
of an observed star. Many physical processes must also be considered, including:
energy production from nuclear reactions, diffusion of elements throughout the star,
mixing of material between different layers of the star, and properties of the stellar
atmosphere. Many of the physical mechanisms described here are not well under-
stood, hence, asteroseismology is a useful observational tool to test them. The entire
structure of the star is encoded into each model. Therefore, any stellar parameter
can be extracted from the models and compared with observed data, including in-
dividual mode frequencies.
A number of codes are available that evolve a star based on a set of arbitrary initial
conditions. In this thesis, the one-dimensional stellar evolution code, Modules for
Experiments in Stellar Astrophysics (MESA; Paxton et al. 2011; Paxton et al. 2013;
Paxton et al. 2015), was used to calculate stellar models. These codes numerically
compute stellar models at discrete points in space and time. To balance accuracy
and computation time, the mesh point resolution and the time between sequential
models can also be specified in the code. Additionally, the stellar oscillation code
GYRE (Townsend and Teitler 2013) takes the output of a single model produced
by MESA and computes the mode frequencies at the desired angular degrees and
radial orders.
The model and observed data can be compared quantitatively, for example, using
the chi-squared statistic given by
χ2 =
(Xmod −Xobs)2
σ2X,obs
, (2.31)
where Xobs is an observed parameter, σX,obs is the corresponding uncertainty, and
Xmod is the same parameter calculated from the stellar models. Note that Xobs
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Figure 2.5: Frequency differences between model and observed oscillation modes
(Broomhall et al. 2009) in the Sun (circles). The modes for the solar model were
calculated by Ball and Gizon (2014) using MESA. The lines represent various
fits used to characterise the surface correction as a function of observed mode
frequency. They include three fits scaled by mode inertia: a single inverse term
(black dashed), a single cubic term (green dotted), and two term inverse-cubic
function (blue solid). The red dash-dotted line indicates a power-law fit without
mode inertia (Kjeldsen et al. 2008). Image taken from Ball and Gizon (2014).
should not be correlated to any other observed parameter. The best-fitting model
is generally the one with the smallest χ2 value with respect to the data, and is
considered a good fit to the data if the average χ2 ∼ 1 across all observed parameters.
2.2.1 Surface Correction
One-dimensional stellar models are useful to estimate the physical properties of
real stars, assuming they are accurate representations of the star. However, this
is not the case when it comes to mode frequencies. There is a known discrepancy
between the computed frequencies and the ones observed in the Sun, shown in
Figure 2.5, and is believed to be present in all solar-like oscillators. The offset is due
to improper modelling of the near-surface layers of a star (see Christensen-Dalsgaard
et al. 1996). In general, many of the physical processes in the surface layers of a star
are either poorly modelled or neglected entirely, and are collectively known as the
surface effects. Some of the surface effects present when calculating the oscillation
frequencies are: the use of the adiabatic approximation, improper treatment of
convection, and poorly modelled temperature gradient in the super-adiabatic layer.
To alleviate the discrepancy, a number of corrections have been suggested. The
most obvious solution is to properly model the near-surface layers. This has been
attempted using three-dimensional hydrodynamic simulations (e.g. Ludwig et al.
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2009; Beeck et al. 2013; Trampedach et al. 2013), which have been compared to the
one-dimensional stellar models (e.g. Sonoi et al. 2015; Ball et al. 2016; Houdek et al.
2017). However, not only are these techniques not completely accurate yet, they are
far more computationally expensive than just one-dimensional models, therefore, it
is a poor choice for an ensemble of stars with varying surface properties. The main
alternative is to use an empirically calculated surface correction when fitting a model
to observed data. The observed frequency of a given mode νobs can be approximated
by a sum of the model frequency νmod and a surface correction νcorr, given by
νobs(ν) ' νmod + νcorr(νmod). (2.32)
The surface correction can be a function of either the observed or modelled fre-
quencies. Kjeldsen et al. (2008) were the first to suggest a correction, which was
calibrated using a power-law based on the frequencies of the Sun. At the time, there
was little evidence indicating a power-law correction would be suitable for a star
with different fundamental parameters to the Sun.
Ball and Gizon (2014) introduced a two-termed formulation, given by
νcorr =
[
c−1
(
νmod
νmax
)−1
+ c3
(
νmod
νmax
)3]
/Inl, (2.33)
where Inl is the mode inertia for radial order n and azimuthal degree l. The terms in
Equation 2.33 were inspired by the work of Gough (1990) who suggested that mag-
netic fields concentrated into filaments would alter the sound speed causing a shift
proportional to ν3/I. Additionally, changes in the description of convection would
cause a shift proportional to ν−1/I. The coefficients c−1 and c3 in Equation 2.33
are solved given a set of νobs and νmod. The mode inertia for a star with radius R
with mass M is given by (Aerts et al. 2010)
Inl =
4pi
∫ R
0
[|ξr(r)|2 + l(l + 1)|ξh(r)|2] ρr2dr
M [|ξr(R)|2 + l(l + 1)|ξh(R)|2] , (2.34)
where ξh is the horizontal component of the displacement eigenvector. The mode
inertia is not an observable quantity and is calculated from the stellar models. The
surface correction will be discussed and investigated in detail for a range of main-
sequence spectral types in Chapter 4.
2.3 Observational Asteroseismology
Observational asteroseismology has evolved over the past couple of decades, resulting
in asteroseismology as one of the main contributors to contemporary knowledge of
stellar astrophysics. A number of reviews have been written which outline the efforts
and discoveries made with observational asteroseismology over time (see Brown and
Gilliland 1994, Bedding and Kjeldsen 2003, Christensen-Dalsgaard 2004, Aerts et
al. 2008, Bedding 2014, and Chaplin et al. 2014). This section begins with an
introduction to the techniques used to detect oscillations in Sun-like stars, then
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discusses the benefits of these methods, and ends with a detailed description of the
Kepler mission.
The goal of observational asteroseismology is to study the intrinsic variations of
stars described by spherical harmonics. Equation 2.4 implies that the stellar surface
periodically moves towards and away relative to an observer resulting in blue- or
red-shifted light, respectively. The Doppler shift can quantified by measuring the
changes in stellar spectral line wavelength. This technique to detect oscillations is
known as the radial velocity method, and it is also useful to measure the orbital
motion of a binary star system. Stellar oscillations that cause the star to expand
and contract also result in changes to the effective temperature. Equation 1.2 states
that the luminosity of the star is very sensitive to the surface temperature. There-
fore, the second method of detecting oscillations relies on measuring the apparent
luminosity of the star using photometry. Finally, there exists a third method that
uses equivalent spectral line widths, which are sensitive to the effective temperature
of the star (see Bedding et al. 1996), however, this method will not be considered
in this thesis outside of this section.
All of the techniques mentioned above have advantages depending on where the
telescope is observing and the type of star it is observing. The granulation back-
ground noise is more apparent when measuring variations in temperature than ve-
locity. Hence, the power of the background noise (Equation 2.8) with photometry is
greater than radial velocity, and can make measuring the power excess more difficult.
Additionally, the visibility of high degree non-radial modes is greater with velocity
measurements, in particular, detection of l = 3 often requires radial velocities in-
stead of photometry. The primary advantage of photometry over radial velocities
is the ability to observe many objects at once. However, to obtain the precision
required to observe individual oscillation modes in stars like the Sun, photometric
observations must be made from space. Space-based telescopes will be discussed in
Section 2.3.1.
Stars that oscillate with regular periods have been observed for centuries, namely
the Mira and Cepheid variables stars, which have brightness variations that can
be seen using relatively simple optical aid. Oscillations from many other types of
stars can also be seen with a ground-based telescope if they have sufficient ampli-
tudes. A number of telescopes exist which are ideally suited to measure the period-
luminosity relation of classical pulsators (stars within the classical instability strip
in Figure 2.2). For example, the Optical Gravitational Lensing Experiment (OGLE;
Udalski et al. 1997; Udalski 2003; Udalski et al. 2015) aims to study gravitational
lensing events and transiting planets, but measuring variability of giant stars is a
useful by-product of the data. Amplitudes of solar-like oscillations are much smaller
than the classical pulsators, hence, detection and analysis has only been possible in
the last ∼25 years. Brown et al. (1991) was the first to detect solar-like oscillations
in a star other than the Sun. They found power excess in the F4.5 star Procyon
using a spectrograph, but could not resolve individual modes, evident by their in-
accurate calculation of ∆ν. Additionally, the origin of the power excess was not
confirmed to be from solar-like oscillations until several years later (see Mosser et al.
1998; Barban et al. 1999; Martic´ et al. 1999).
Individual mode frequencies were first detected by Kjeldsen et al. (1995) in the
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G0 subgiant η Boo¨tis, using temperature dependent spectral line widths. Around
this time, the first confirmed exoplanet was found orbiting 51 Pegasi using radial
velocities. This lead to advancements in radial velocity technology used to find
exoplanets, which in turn, improved the ability to detect solar-like oscillations. A
number of the brightest stars, predicted to have solar-like oscillations, were observed.
For example: β Hydri (Bedding et al. 2001; Carrier et al. 2001), α Centauri A
(Bouchy and Carrier 2001; Butler et al. 2004) and B (Carrier and Bourban 2003;
Kjeldsen et al. 2005), ξ Hydrae (Frandsen et al. 2002), and ε Ophiuchi (De Ridder
et al. 2006). The detection of solar-like oscillations in RGB stars was shown to be
possible using a multi-site ground-based photometric campaign (Stello et al. 2007).
The first star to have its power excess observed, Procyon, was also the first star
to have a ground-based multi-site spectroscopic campaign (Arentoft et al. 2008;
Bedding et al. 2010a). Ten years ago, solar-like oscillations had been detected in
approximately 20 stars using ground-based telescopes (see Kjeldsen and Bedding
2004; Bedding and Kjeldsen 2008). Progress in observational asteroseismology has
since shifted to space-based photometry, and most of the efforts in radial velocity
measurements have been exoplanet follow-up.
In recent years a number of ground-based telescopes have been developed dedi-
cated to asteroseismology. The Stellar Observations Network Group (SONG; Grun-
dahl et al. 2006; Grundahl et al. 2009) is an example of a global network with the
goal of producing uninterrupted time series. The first node of the network is located
in Tenerife, Canary Islands, and has been operational since February 2014. The
construction of the second node located at the Delingha Observatory, China, has
completed and is currently in the initial commissioning stage. A third node has
been announced to be built at Mt. Kent Observatory, Australia. The detection
of solar-like oscillations has been successful with just the first telescope, including
µ Herculis (Grundahl et al. 2017), an ensemble of intermediate-mass red giants with
planetary companions (Stello et al. 2017), and 46 Leonis Minoris (Frandsen et al.
2018).
2.3.1 The Space Photometry Revolution
Space telescopes have a number of advantages when observing stellar oscillations
over ground-based telescopes. Atmospheric effects, such as scintillation and bad
weather, are avoided entirely and the telescope is more efficiently cooled in space.
The main benefit for asteroseismology is the ability to observe stars continuously
using one instrument. This minimises gaps in the time series that introduce aliases
in the power spectrum.
A number of space missions have detected solar-like oscillations such as the Hubble
Space Telescope (HST; Edmonds and Gilliland 1996; Zwintz et al. 1999; Kallinger
et al. 2005; Gilliland 2008; Stello and Gilliland 2009; Gilliland et al. 2011), the
star-tracker on the Wide-Field Infrared Explorer (WIRE; Schou and Buzasi 2001;
Retter et al. 2003; Bruntt et al. 2005; Stello et al. 2008), and the Solar Mass Ejection
Imager (SMEI; Tarrant et al. 2007). The first mission dedicated to asteroseismology
to detect solar-like oscillations was the Microvariability and Oscillations in Stars
(MOST; Walker et al. 2003; Barban et al. 2007; Matthews 2007; Kallinger et al.
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2008b; Kallinger et al. 2008a; Huber et al. 2011).
The space photometry revolution began with the launch of the Convection Ro-
tation and Planetary Transit (CoRoT) satellite in December 2006 (Auvergne et al.
2009). CoRoT’s achievements (see Baglin et al. 2009) include the detection of solar-
like oscillations in thousands of red giant stars (De Ridder et al. 2009; Hekker et
al. 2009) as well as a number of main-sequence stars (Michel et al. 2008; Appour-
chaux et al. 2008). It also found several exoplanets (e.g. Barge et al. 2008; Alonso
et al. 2008), including the first large rocky planet (Le´ger et al. 2009), known as a
super-Earth, and a multi-planet system (Alonso et al. 2014).
In March 2009, NASA’s Kepler space telescope was launched and the ‘golden age’
of asteroseismology began. Over the course of a few years there was an exponential
increased in the number of stars with detected solar-like oscillations. Of all the
observational data used in this thesis, an overwhelming majority will be Kepler
data. The next section details Kepler’s mission objectives, design specifications,
and notable contributions.
2.3.2 The Kepler Mission
The primary objective of the Kepler mission was to determine the abundance of
Earth-like planets around stars similar to the Sun (Petigura et al. 2013). These
exoplanets are in the so-called ‘habitable zone’, which is defined as whether the
surface of the exoplanet can support liquid water. The light that is emitted from
an exoplanet is insignificant compared to its host star. Therefore, most methods of
exoplanet detection rely on looking for stellar variability rather than direct obser-
vation.
Like CoRoT, the Kepler space telescope searched for photometric transits, that
is, periodic dips in the stars apparent brightness due to the companion eclipsing
its host star (see Mandel and Agol 2002 for analytic formulae). In general, the
signature of an exoplanet transit is different to the stellar oscillations, therefore,
the two features can be detected simultaneously in a photometric light curve. In a
number of cases, solar-like oscillations have been observed in the host star, which is
then used to determine properties of the exoplanet or (e.g. Bakos et al. 2010; Carter
et al. 2012; Silva Aguirre et al. 2015).
The Kepler telescope adopted a modified Schmidt design with a 1.4 m primary
mirror and a 0.95 m corrector lens. The detector is located at the primary focus
and consists of an array of 42 back-illuminated CCDs arranged in pairs to form
21 individual modules. The size of the Kepler field is roughly 10 by 10 degrees,
centered on RA = 19h 22m 40s and Dec = +44◦ 30′ near the Cygnus and Lyra
constellations. Figure 2.6 shows the field of view of each module superimposed on
the sky. An uncrowded field outside of the ecliptic plane was chosen so the telescope
would never be facing the Sun. This field was fixed for the duration of the mission
(3.5 years with a possible extension of 2 years) to maximise the chance of detecting
an Earth-like planet. Each module has a resolution of 2200 by 2048 pixels giving a
plate scale of approximately 4 arcseconds per pixel. The Kepler photometer has a
spectral bandpass of approximately 420 – 900 nm, with a peak response at ∼600 nm
for a G2-type star.
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Figure 2.6: The Kepler field of view for the entire mission. The rotation of
the spacecraft every 90 days shuﬄed the positions of the CCDs (solid rectangles).
Image taken from the Kepler Instrument Handbook.
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Kepler is in an Earth-trailing, heliocentric orbit with a period slightly greater
than one year in order to reduce light pollution from the Earth and Moon. The
telescope pauses observations every three months to upload the data back to Earth.
During this time the telescope rotates 90◦ to keep the solar panels facing the Sun.
Each of these three month periods is called a Quarter (QX, where X is the quarter
number).
The Kepler mission measured the brightness of ∼190 000 stars, mostly F-K main-
sequence types, with magnitudes as low as V∼16. Observations were recorded with
two cadences. Every star was observed with the long-cadence mode which had a
sampling interval of 29.4 minutes. The short-cadence mode, with a sampling interval
of 58.85 seconds, was restricted to 500 stars at a time, and the chosen targets would
often change between quarters if more interesting stars were discovered. The long-
cadence mode was useful to detect exoplanet transits and to do asteroseismology on
stars with oscillations frequencies less than 283.2 µHz, such as red giants, δ Scts, and
γ Dors. Short-cadence data were useful to get more precise transit profiles in the
light curve or to observe transit timing variations, which could indicate the presence
of more exoplanets in a system. Additionally, the short-cadence mode was required
to observe main-sequence solar-like oscillations because they have periods less than
one hour.
One of the limitations of the Kepler telescope was the rate it could download data
back to Earth, hence, the limit on the short-cadence targets. Therefore, rather than
upload all the data from each pixel, each Kepler target had a custom digital aperture,
called a pixel mask. This greatly reduced the amount of (mostly redundant) data
that had to be downlinked after each quarter.
Figure 2.7 shows the complete timeline of the Kepler mission. It began with a
10 day commissioning run, Q0, in early May 2009, followed by a month-long run,
Q1, which officially commenced the science operations. From Q2, all quarters were
three months long, until Q17, which was roughly 31 days long. Monthly downlinks
and a number of safe mode events introduced gaps in the data, but only a few
days of continuous viewing were lost at a time. During Q4, Module 3 failed, hence,
observations from that patch of sky were not possible for the remainder of the
mission. However, due to the reorientation of the telescope every 90 days, the stars
observed by Module 3 would change after each quarter, resulting in a three month
gap of data each year for all the stars falling on the faulty module.
The fine pointing of Kepler was maintained by three reaction wheels, and had a
fourth as a back-up. On the 14th of July 2012, one of the reaction wheels failed.
However, only three wheels are required to maintain fine pointing. Almost 10 months
later, and 6 months into the extended mission, a second reaction wheel failed which
ultimately ended the Kepler mission.
Kepler observed the same patch of sky for four years and has made many ground-
breaking contributions to exoplanet research and asteroseismology. At the time of
writing (August 2018), Kepler has confirmed the discovery of 2327 exoplanets, and
an additional 2244 candidates yet to be confirmed1. From the list confirmed exo-
planets, 290 are in the habitable zone (defined as: 180 K < equilibrium temperature
< 310 K, or 0.25 < Insolation (Earth flux) < 2.2). Despite the end of the Kepler
1Source: NASA Exoplanet Archive
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Figure 2.7: The complete Kepler mission timeline. Image taken from the Kepler
Data Release Notes in the Mikulski Archive for Space Telescopes (MAST).
mission, much of the data has yet to be processed.
The end of the Kepler mission did not result in the end of the Kepler space
telescope. There was still possibility of performing space photometry using only
two reaction wheels. The main source of unstable pointing was radiation pressure
from the Sun generating a torque on the spacecraft. The solar-induced drift was
minimised by pointing the telescope in the direction (or opposite) of its orbit. The
remaining two reaction wheels where used to stabilise the other axes. The original
Kepler field cannot be viewed under this configuration, hence, the telescope was
pointed close to the ecliptic plane. However, as the satellite orbits the Sun it was
reorientated to a new field, facing its orbit, every 85 days. This new mission, dubbed
the K2 mission (see Howell et al. 2014), began in March 2014 and has had a lifespan
approximately as long as the original Kepler mission. However, K2 data will not be
considered in this thesis.
Chapter 3
Asteroseismology of M Giants
3.1 Introduction
As mentioned in Chapter 2, as a Sun-like star evolves up the red giant branch
it decreases in density, hence, the oscillation period will increase. This results in
a strong correlation between the period and absolute luminosity of late red giant
stars. This relation has been shown to span from G to M giants (e.g. Wood and
Sebo 1996; Bedding and Zijlstra 1998; Wood et al. 1999; Kiss and Bedding 2003;
Ita et al. 2004; Tabur et al. 2010; Soszyn´ski and Wood 2013; Soszyn´ski et al. 2013a)
which makes red giants potentially useful standard candles, that is, stars that can
be used to determine distances to clusters in other galaxies. Figure 3.1 shows the
period-luminosity relation for stars in the Large Magellanic Cloud (LMC). M gi-
ants are also interesting because they represent the bridge between two classes of
stellar oscillators (see top-right of Figure 2.2), each are driven by different types of
excitation mechanisms. Additionally, pulsations are believed to drive a significant
proportion of mass loss in M giants (see Vassiliadis and Wood 1993).
Little was understood about the details of the transition from solar-like oscillations
observed in RGB stars to the Mira-like oscillators which are self-excited. In partic-
ular, most giant branch stars are known to oscillate with multiple radial and non-
radial modes like the Sun (see Chaplin and Miglio 2013; Hekker and Christensen-
Dalsgaard 2017), while Mira stars are believed to only oscillate in the fundamental
radial mode (Olivier and Wood 2005). The asteroseismology of stars in the interme-
diate region, called the semi-regular variables (SRV), was also not well understood
(see Christensen-Dalsgaard et al. 2001; Bedding et al. 2005), but were assumed to
be dominated by radial modes (Dziembowski et al. 2001). Analysis of the fine ridge
structure in Figure 3.1 (denoted by letters A – F) indicated the presence of multiple
radial orders and non-radial modes in SRVs (see Soszynski et al. 2004; Soszynski
et al. 2007; Dziembowski and Soszyn´ski 2010; Soszyn´ski et al. 2013a; Takayama
et al. 2013). For example, the C, C′, B, A, A′ ridges represent the fundamental,
first-, second-, third- and fourth-overtones, respectively (see Wood 2015).
We are now in the ‘golden-age’ of asteroseismology where missions like Kepler
have time series long enough to resolve individual modes in long period red giant
oscillators. The high-precision space photometry has helped understand the as-
teroseismology of M giants (e.g. Ba´nyai et al. 2013). Furthermore, Mosser et al.
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Figure 3.1: Period-luminosity diagram for variable stars in the LMC with OGLE
data. Each point denotes the WJK index of a single star (a linear combination
of the J- and K-band magnitudes) as a function of the primary period. The
colour indicates the amplitude of the magnitude variation. The grey line shows
the linear fit to the C′ (first-overtone) ridge. Image taken from Soszyn´ski et al.
(2013a).
(2013) detected non-radial modes in SRVs using Kepler data, but concluded that
the power of the dipole modes decreased as they evolved and M giants would not
have detectable non-radial modes.
3.1.1 Background
This chapter will focus on the work I started for my undergraduate Honours research
project and completed at the start of my PhD candidature. During my undergradu-
ate project I studied the asteroseismic properties of Mira and semi-regular variables,
that is, K- and M-type giant stars. During this research project I noticed a regular
pattern in the power spectra across many of the stars in the sample. Scaling the
frequency and then stacking each power spectrum, similar to an e´chelle diagram,
revealed a clear triple mode structure. However, at the time we were not sure what
these peaks represented, or even if this was an artifact of the Kepler time series.
Work on this subject continued after my Honours years. Dennis Stello calculated
stellar models and showed that the triple structure was indeed the first three angular
degrees of the spherical harmonics observed in most solar-like oscillators, but with
dipole mode displaced from its expected position. When I returned for my PhD, I
matched the observed Kepler data to the models and classified the angular degree
and radial order of modes in 195 evolved red giants. Our analysis of M giant stars
showed that both radial and non-radial modes were well defined in the oscillation
spectra. Furthermore, the dipole mode dominated the power for the stars in our
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sample.
This work on M giants became a Letter, on which I was coauthor (Stello et
al. 2014, see Appendix A), as well as a poster I presented as part of the KASC7
conference in Toulouse, France, July 2014 (Compton et al. 2015). My contribution
to the Letter was primarily Section 3 and Figure 3. That is, the methodology behind
the processing of K and M giant Kepler light curves in order to manually classify
the radial order and angular degree of the modes in the power spectra. Stellar and
asteroseismic models, calculated by Dennis Stello, were used to find the correct mode
identification. Other contributors, including my primary supervisor, Tim Bedding,
and the other coauthors in the 2014 paper provided helpful consultation. Rafael
Garc´ıa provided light curves of a number of Kepler giants that were not considered
in our initial sample. This chapter primarily outlines the methodology used to
analyse M giant Kepler light curves and oscillation power spectra, and will finish
with a discussion on the potential outcomes of this work.
3.2 Methodology
3.2.1 Light Curve Correction
The sample consisted of 195 late K to early M giants. Most of the sample was part
of a Kepler target proposal, written by La´szlo´ Kiss, targeting evolved red giants that
were pre-selected from the ground-based All Sky Automated Survey (ASAS; Pigulski
et al. 2009). Long-cadence light curves were obtained from the Kepler Asteroseismic
Science Operations Center (KASOC; Handberg and Lund 2014). Only quarters
spanning the full 90 days (Q2 – Q16) were used in the analysis. The quarters were
stitched together to create the longest possible time series before the power spectra
were calculated. I simultaneously corrected low-order systematics in the light curve,
shown in Figure 3.2.
When concatenating each light curve quarter, the main challenge arose from the
fact that the period of the oscillations were often on the same timescale as the length
of the quarters. For each star, a linear fit was made to its Q2 light curve and the
number of intercepts between the fit and the data were counted. If there were 15
or more intercepts than the star would be categorised as a ‘fast’-pulsators, which
corresponds to an oscillation frequency of approximately 1 µHz. Anything less than
15 intercepts and the star would be categorised as a ‘slow’-pulsator. This arbitrary
stellar categorisation would affect how its light curve was stitched together.
For each star classified as a fast-pulsator (left panels in Figure 3.2), a linear fit
from the data was subtracted to each quarter before shifting the flux such that it
equalled the average flux of the first quarter (generally Q2). This corrected for flux
variations due to the star moving relative to the aperture (spacecraft drift), as well
as jump discontinuities between quarters.
For each star classified as a slow-pulsator (right panels in Figure 3.2), a linear fit
was made to the five points (∼2 hours of data) on either side of the quarterly gaps
before shifting the latter quarter such that the two fits intersected at the centre
of the gap. However, if the gap between quarters was greater than 10 days (for
example, if the star landed on a faulty module) the flux was adjusted to have an
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Figure 3.2: Light curves of two Kepler stars before (top panels) and after
(bottom panels) flux corrections. An example of a fast- (KIC 3833455, left panels)
and slow-pulsator (KIC 1434591, right panels) are shown.
average flux equal to the first quarter. The modifications to the slow-pulsators only
corrected jump discontinuities, which were the result of different pixel masks between
quarters. The flux drifts are equivalent to low-frequency variations in the light curve
and can be confused for SRV and Mira oscillations. Therefore, it is difficult to remove
the drifts from the lower-frequency giants without carefully altering the pixel mask
for each individual star. Fortunately, the amplitude of the intrinsic oscillations
dominates over the brightness variations due to the drifting spacecraft.
3.2.2 Spectral Analysis
Once the time series were stitched together, the power spectra were calculated. I
manually examined each power spectrum to identify the radial order n and angular
degree l of a prominent mode for each star, known as a reference mode with associ-
ated reference frequency νref . I used stellar models as a guide, which were calculated
using the MESA 1M pre ms to wd test suite case (Paxton et al. 2013), up to near
the tip of the RGB, with the frequencies calculated using ADIPLS (Christensen-
Dalsgaard 2008). Note that even though the models were not evolved past the
helium flash, AGB stars were included in our sample and underwent the same treat-
ment. This is because AGB stars have nearly identical p mode properties to RGB
stars, but can be differentiated using g modes (e.g. Bedding et al. 2011; Mosser
et al. 2014).
The n = 3 radial mode was the most commonly used reference mode because
it was recognisable in most of the stars in the sample, but only 40% of the stars
were initially classified after being compared with the stellar models. To classify the
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Figure 3.3: The top panels show the normalised observed (red) and the best-
fitting artificial (black) power spectra for a fast- (left panels) and slow-pulsator
(right panels) initially shown in Figure 3.2. The bottom panels show the Pearson
correlation coefficient as a function of the interpolated models νmax. The red
dashed line indicates the model νmax based on the interpolated model with the
highest correlation coefficient.
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remaining stars I used the stars which had confidently identified modes to distinguish
the remaining stars. I made an initial guess for the reference mode frequency and
identification in order to create a template spectrum using the average power of 10
stars from the identified sample with the closest reference frequencies to the guess.
If the pattern of the template spectrum was similar to the unidentified star based
on a manual inspection the identification of the reference frequency was considered
correct, otherwise another star was tested. This processes was iterated over all the
stars repeatedly until no further stars could be classified.
An initial estimation of the modelled stellar parameters, such as νmax (νmax,ini
henceforth), were calculated for each star by linearly interpolating νref between the
frequencies of the corresponding modes in the model grid. To obtain a more accurate
value of νmax for each star, a new set of 50 interpolated models were created at equally
spaced values of νmax within a range of νmax,ini ± 20%. Each mode was represented
with a Lorentzian (see Equation 2.13) where the frequency was linearly interpolated
between the corresponding modes in the model grid. The FWHM of the mode
was equal to the inverse of the observing time (∼1350 days). The mode heights
were attenuated by a Gaussian envelope centred at νmax,ini with a FWHM equal
to 0.25νmax,ini. The observed power spectrum was divided by the maximum power
before it was correlated with each artificial spectra. For each star, theoretical stellar
and asteroseismic parameters were allocated based on the interpolated spectrum
with the highest correlation, as shown in Figure 3.3, including a final value for νmax.
3.3 Results
I plotted each power spectrum (ν > 0.1νn=3,l=0) as a horizontal band in greyscale
according to the theoretical νmax, shown in Figure 3.4a. The frequency axis of each
spectrum was divided by the νn=3,l=0 mode of the interpolated model. The frequency
of the dipole modes strongly deviates from the asymptotic relation (Equation 2.14),
creating the triple-mode structure we initially observed in the power spectra. The
collapsed power plot, Figure 3.4b, suggests power is predominantly situated in the
dipole mode for n ≥ 3. The more evolved stars show evidence of a fundamental
mode which potentially indicates the start of the transition to Mira-like oscillations.
The sample did not extend far enough to show evidence of a decline in power for
the non-radial modes. In this analysis, classifying the angular degree identification
for the fundamental and first-overtone was difficult. Resolving individual modes
for n = 2 may be possible with a longer time series, however, the models suggest
that the fundamental frequencies overlap too greatly to distinguish different angular
degrees.
3.4 Outlook
This chapter has shown that multi-modal asteroseismology is possible with M giant
stars and has helped confirm the origin of the fine structure in the period-luminosity
diagram (see Wood 2015; Trabucchi et al. 2017). However, not much has been
achieved in the way of understanding the triple-mode structure reported by Stello
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Figure 3.4: (a) Observed power spectra of 195 Kepler stars. The models are
plotted beneath the data with l = 0 in black, l = 1 in red, and l = 2 in blue.
The numbers above the figure indicate the radial order for the l = 0 mode. (b)
Vertically collapsed version of (a) with the numbers denoting the angular degree.
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et al. (2014), in particular, why the power is dominated by the dipole mode. The
bridge between the SRVs and the Miras is yet to be completely crossed, as stellar
models were not computed past the helium flash (νmax ' 0.21 µHz). Further evolving
the stellar models and fitting more stars would help close this gap.
It will be several years until we obtain light curves which exceed the duration
and photometric precision of Kepler. However, there is still potential for further
breakthroughs in M giant asteroseismology. For example, the number of targets in
the sample must be addressed. The sample used in this project was a small fraction
of the M giants observed in the Kepler mission, as most were only known through
the ASAS. The Kepler Input Catalogue (KIC; Brown et al. 2011; Pinsonneault et al.
2012; Pinsonneault et al. 2014) has since identified thousands of M giant oscillators
in the Kepler field. Additionally, a significant number of red giants were misclassified
as dwarfs early in the mission (see Mathur et al. 2016). OGLE data should also be
considered, as the project has observed the brightness of thousands of SRVs and
Miras in the Magellanic Clouds for longer than Kepler (see Kiss and Bedding 2003;
Ita et al. 2004; Soszyn´ski et al. 2009; Soszyn´ski et al. 2011; Soszyn´ski et al. 2013b).
Yu et al. (in prep) is currently working on expanding the asteroseismic analysis
of Kepler M giants using a broader sample of stars. Topics include interpreting the
relationship between oscillation period and amplitude (see Yu et al. 2018), under-
standing the transition from SRVs to Miras, as well as stellar oscillation as a mass
loss mechanism in M giants (see McDonald and Zijlstra 2016). For the remainder
of the thesis, we move away from giant stars in favour of main-sequence oscillators.
The techniques used in this chapter will be considered and adapted to other types
of stars in subsequent chapters.
Chapter 4
Surface Correction of Solar-like
Oscillators
In the previous chapter, I used modelled mode frequencies to help classify the ob-
served oscillation modes for a range of late K to early M giant stars. The usefulness
of stellar models extends past classifying modes in a power spectrum. As mentioned
in Section 2.2, fitting stellar models to observed data is a useful way to estimate the
mass, composition, and age of a star. Including asteroseismology in this analysis
adds a number of free parameters which more precisely constrains the stellar prop-
erties. This requires that the modelled frequencies accurately describe the observed
ones. However, from Section 2.2.1 we know that the mode frequencies from 1D
stellar evolution models do not match the observed ones in the Sun due to improper
modelling of the near-surface layers. An empirically calculated surface correction
can be used to correct the frequency discrepancy.
The intent of this chapter is to characterise the surface correction for a range of
main-sequence solar-like oscillators. Inspiration for the project came from attempt-
ing to fit stellar models, calculated using MESA, to the power spectra of F stars,
including Procyon (Bedding et al. 2010a) and θ Cyg (Guzik et al. 2016). These F
stars have ambiguous mode identification due to blended l = 0, 2 ridges, as men-
tioned in Section 2.1.5.
I initially used the modules built within MESA to search stellar parameter space
to find an accurate model with surface correction. This proved difficult because the
profile of the surface correction in solar-like oscillators hotter than the Sun is not well
understood. We studied the LEGACY sample (Lund et al. 2017; Silva Aguirre et al.
2017), which consists of 66 main-sequence G- and F-type Kepler stars that have at
least 12 months of short-cadence data. The revised goal was to track the magnitude
of the surface correction from solar-like stars to hotter stars like Procyon by testing
a number of correction formulations to see which performed best for F stars. The
large number of stars meant it was more efficient to create a grid of models and
fit each star using three different surface corrections methods. Non-LEGACY stars
are not included in this chapter in favour of a more consistent sample. However,
analysis on F stars, including non-LEGACY ones, continues in Chapter 5.
The surface correction methods we tested included the two Ball and Gizon (2014)
formulations: a inverse-cubic two-term correction (Equation 2.33) and a single-term
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Figure 4.1: Frequency differences of the observed and calculated radial modes in
the Sun using a model of the Sun (squares) and two homologously scaled models
(cross and pluses). Image taken from Kjeldsen et al. (2008).
cubic correction, which is also scaled by the mode inertia (Equation 2.34). The
third method we tested was the first to characterise the difference of the observed
and model frequencies in a number of stars, including the Sun (Kjeldsen et al.
2008). In their analysis, a solar model was calculated by Christensen-Dalsgaard
et al. (1996), named Model S. The observed frequencies were measured using the
GOLF instrument on the SOHO spacecraft (Lazrek et al. 1997). A power-law was
fit to the difference between the simulated and observed frequencies, denoted by
square symbols in Figure 4.1.
To better approximate the observed frequencies, Kjeldsen et al. (2008) imple-
mented a homologous scale factor r to nearby model frequencies. This is equivalent
to scaling the density of a stellar model by r2. As a proof of concept, Kjeldsen
et al. (2008) used a younger and an older version of Model S (crosses and pluses
in Figure 4.1, respectively) and scaled the frequencies to match the original solar
model. The homology scaling effectively interpolates between the individual models
of the grid, which were parameterised by mass, metallicity, and age. Therefore,
we adopted this technique for use on all the surface correction methods that were
tested.
The result was my second first-authored paper (Compton et al. 2018). The work
on this project began in October 2015, when I visited Go¨ttingen University in Ger-
many as part of an exchange grant. This paper was written in consultation with my
supervisors Tim Bedding and Dennis Stello, as well as Warrick Ball at Go¨ttingen
University. I calculated the models, fitted the data, and produced the results my-
self. Dennis Stello contributed template inlists for the MESA and GYRE models
(see Appendix B). Mikkel Lund calculated the mode frequencies, which were given
to me by Dennis Stello before the LEGACY paper was published. Daniel Huber
calculated νmax values for the sample. Tim White and Hans Kjeldsen, along with all
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ABSTRACT
Poor modelling of the surface regions of solar-like stars causes a systematic discrepancy
between the observed and model pulsation frequencies. We aim to characterize this frequency
discrepancy for main-sequence solar-like oscillators for a wide range of initial masses and
metallicities. We fit stellar models to the observed mode frequencies of the 67 stars, including
the Sun, in the Kepler LEGACY sample, using three different empirical surface corrections.
The three surface corrections we analyse are a frequency power-law, a cubic frequency term
divided by the mode inertia and a linear combination of an inverse and cubic frequency term
divided by the mode inertia. We construct a grid of stellar evolution models using the stellar
evolution code MESA and calculate mode frequencies using GYRE. We scale the frequencies of
each stellar model by an empirical calculated homology coefficient, which greatly improves
the robustness of our grid. We calculate stellar parameters and surface corrections for each
star using the average of the best-fitting models from each evolutionary track, weighted by
the likelihood of each model. The resulting model stellar parameters agree well with an
independent reference, the BASTA pipeline. However, we find that the adopted physics of the
stellar models has a greater impact on the fitted stellar parameters than the choice of correction
method. We find that scaling the frequencies by the mode inertia improves the fit between the
models and observations. The inclusion of the inverse frequency term produces substantially
better model fits to lower surface gravity stars.
Key words: asteroseismology – stars: oscillations – stars: fundamental parameters.
1 IN T RO D U C T I O N
For the Sun and other solar-like stars, there exists a discrepancy be-
tween the observed and modelled frequencies of stellar oscillations.
The differences are the consequence of poorly modelled physics
at the stellar surface known collectively as the surface effects. A
surface correction is routinely applied to the oscillation frequencies
of the stellar models to remove this bias, often calculated using an
empirical relation between the observed and modelled frequencies
for a given stellar model. A number of such relations have been
put forward to generalize the correction for all solar-like oscilla-
tors. Kjeldsen, Bedding & Christensen-Dalsgaard (2008) used a
frequency power-law to describe the frequency dependence of the
 E-mail: d.compton@physics.usyd.edu.au
correction, which was calibrated based on solar models and data (see
Christensen-Dalsgaard et al. 1996; Lazrek et al. 1997, respectively).
Ball & Gizon (2014) considered two new formulations based on the
work by Gough (1990): a cubic term, and a linear combination of
an inverse and a cubic frequency term. Both methods were scaled
by the mode inertia. Schmitt & Basu (2015) compared the Kjeldsen
et al. (2008) and Ball & Gizon (2014) methods using simulations,
rather than observed data, and recommended the latter for any aster-
oseismic analysis. Sonoi et al. (2015) proposed another correction
function using a modified Lorentzian. Most recently, Nsamba et al.
(2018) used the lower-mass stars in the LEGACY sample when they
investigated the systematics that emerge from varying input physics,
including the surface correction. Attempts to characterize the sur-
face correction between observed and simulated mode frequencies
of main-sequence stars have so far been limited to the Sun and Sun-
C© 2018 The Author(s)
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like stars, and then extrapolated to the hotter main-sequence stars.
These surface correction methods have also been tested on subgiant
and red giant solar-like oscillators (e.g. Ball & Gizon 2017; Ball,
Themeßl & Hekker 2018; Li et al. 2018).
An alternative approach has been to model the surface of a star us-
ing 3D hydrodynamical simulations (e.g. Ludwig et al. 2009; Beeck
et al. 2013; Trampedach et al. 2013). Comparing the difference in
pulsation frequencies to the traditional 1D stellar models (e.g. Sonoi
et al. 2015; Ball et al. 2016; Houdek et al. 2017) has been used to
estimate the required correction, assuming the 3D simulations can
more accurately model the surface physics. However, these methods
are still incomplete with various components of the surface effect
being neglected in the 3D hydrodynamical simulations. Another
downside is that the 3D simulations are far more computationally
demanding, making them impractical for ensemble stellar analysis.
Therefore, there is a desire to find a comprehensive and permanent
solution to the erroneous oscillation frequencies calculated from 1D
stellar models.
In this project, we aimed to assess a number of surface correc-
tions method on an ensemble of main-sequence Keplerstars, named
the LEGACY sample (Lund et al. 2017; Silva Aguirre et al. 2017).
For each star, Silva Aguirre et al. (2017) reported the fundamental
stellar parameters calculated using seven different pipeline meth-
ods. The pipelines adopted a range of surface correction methods,
but differing physics and methods of each pipeline made it impos-
sible to properly compare the effect of the surface correction across
the different pipeline results for these stars. Therefore, in order to
complete such a comparison, we also created a pipeline that deter-
mined stellar parameters for the LEGACY sample, and the choice of
surface correction was adjusted to compare the different functional
forms.
The structure of this paper is as follows: we outline the func-
tional forms of the three proposed surface correction methods in
Section 2. We also describe how we implemented homology scal-
ing of the oscillations frequencies to increase the robustness of our
grid. In Section 3, we describe how the observed and model data
were obtained. Section 4 is devoted to the method of our pipeline.
We explain how we fit the observed and modelled frequencies and
calculated the stellar and surface correction parameters for the sam-
ple. Results of the analysis and the performance of each surface
correction method, as well as their potential shortcomings are dis-
cussed in Section 5. Finally, conclusions and outlooks are presented
in Section 6.
2 BAC K G RO U N D
2.1 The asymptotic relation
The oscillation frequencies of solar-like main-sequence stars ap-
proximately follow an asymptotic relation (Tassoul 1980)
νn,l  ν (n + l/2 + ) − δν0,l , (1)
where ν is the large frequency separation, n is the radial order,
l is the angular degree,  is a phase offset and δν0, l is the small
separation between modes of different angular degree with respect
to the l = 0 modes. The large frequency separation can be shown
to be the inverse of the acoustic travel time through the centre of
the star and is approximately proportional to the star’s square root
mean density ρ (Ulrich 1986; Gough 1987),
ν =
(
2
∫ R
0
dr
c
)−1
∝ √ρ, (2)
where R is the radius of the star and c is the sound speed in the star.
The frequency of maximum amplitude, νmax, can also be approxi-
mated using fundamental properties of the star,
νmax ∝ g√
Teff
∝ M
R2
√
Teff
, (3)
where M is mass, Teff is the effective temperature and g is the surface
gravity (Brown 1991; Kjeldsen & Bedding 1995). The asymptotic
relation and the asteroseismic scaling relations can only approxi-
mate the properties of solar-like oscillators. Other parameters, such
as initial composition and mixing length, must be included to cal-
culate oscillation frequencies of observed stars.
Plotting the mode frequencies against the frequencies modulo
ν, called an e´chelle diagram, emphasises departures from the
asymptotic relation, that is, the frequency spacing between sequen-
tial radial orders is not constant, as implied by equation (1). The
type and magnitude of these departures from regularity vary de-
pend on the fundamental properties of the star. One example is the
higher order curvature that is the result of acoustic glitches due to
the oscillations encountering the helium ionisation zone (see Verma
et al. 2014). Fig. 1 a shows an e´chelle diagram of a Keplerstar with
similar mass and temperature to the Sun, where the measured fre-
quencies have been plotted on top of the Keplerpower spectrum.
A more massive main-sequence star exhibits more curvature in the
e´chelle diagram, shown in Fig. 1b. This star also shows stronger
mode damping, resulting in much broader ridges and lower signal-
to-noise ratio.
2.2 Surface correction
To characterize the discrepancy between the observed frequencies
and a best-fitting model, we used an empirically defined surface cor-
rection function. In general, the correction increases with oscillation
frequency and is largely independent of angular degree for a given
star. Consider an observed star with a set of pulsation frequencies,
νobs(n, l). For this star, there exists a model with frequencies, νbest(n,
l), and stellar parameters, such as mass, metallicity, age, etc., that
describes the properties of the star but does not correctly model the
frequencies due to the surface effect. A frequency-dependent cor-
rection, νcorr, needs to be added to the best-fitting model frequencies
to eliminate the difference:
νobs  νbest + νcorr(νbest). (4)
In practice, a grid of models is unlikely to include the best-fitting
model that describes the properties of the star. We homologously
scaled the mode frequencies of a closely fitting model by a factor r
to approximate a better fitting model (see Kjeldsen et al. 2008),
νbest  rνmod. (5)
Scaling the mode frequencies by a factor r changes ν by the
same ratio, hence the density will change by a factor r2. However,
all other parameters, such as mass, effective temperature, initial
metallicity cannot be easily tracked under an r-scale transformation.
We assumed that other stellar parameters vary linearly by a small
amount under this transformation. This assumption includes the
surface correction, that is, the frequency correction for the scaled
model is a good estimate for the true frequency difference νcorr(νbest)
 νcorr(rνmod). Naturally, we made our analysis prefer a scale factor
r as close to unity as possible.
MNRAS 479, 4416–4431 (2018)Downloaded from https://academic.oup.com/mnras/article-abstract/479/4/4416/5043232
by Bla The Librarian, user
on 07 August 2018
40 CHAPTER 4. SURFACE CORRECTION OF SOLAR-LIKE OSCILLATORS
4418 D. L. Compton et al.
Figure 1. ´Echelle diagrams of two Keplerstars in the LEGACY sample. (a) KIC 4914923 and (b) KIC 12317678 show the difference of pulsation power
between G and F-type main-sequence stars. The greyscale represents the normalized power of the stellar oscillation spectrum, smoothed with a Gaussian filter
with a width of 0.25μHz. The red circles, green triangles, and blue squares show the extracted frequency peaks (from Lund et al. 2017) for the l = 0, l = 1, and
l = 2 angular degrees, respectively. Observational uncertainties are also shown on the corresponding symbols, but are often smaller than the size of the symbol.
2.2.1 Power-law correction
We investigated three different types of surface correction from the
literature. The first was proposed by Kjeldsen et al. (2008), who used
a single-term power-law fit to correct the mode frequencies. The
authors originally made the correction as a function of the observed
frequencies. However, we have chosen to use the frequencies of the
best-fitting model, such that
νcorr = a
(
r
νmod
νmax
)b
, (6)
which makes equation (4) just a function of the model frequencies
and is consistent with the other corrections we used. The frequency
of maximum power, νmax, was used to scale the frequencies. The
exponent, b, was originally fitted by Kjeldsen et al. (2008) using
the discrepancy of observed and model frequencies in the Sun, and
found to be b  4.8. However, there is no physical reason the solar-
calibrated exponent should fit best for other stars. We expect it to be
similar for stars with similar stellar properties but could potentially
vary for other stars.
We considered two options when implementing the power-law
surface correction. The first was to set b to a constant value that
would appropriately fit all stars in our sample, and the second was
to let b differ. The former was the method that we eventually used,
with a constant of b = 3. The primary reason for this choice was
that it is the same exponent used in two other surface corrections
we tested, which will be introduced below.
It can be argued that we were not faithful to the original Kjeldsen
et al. (2008) correction. If the exponent was too close to one the
correction would become unrealistically large with a scale factor
r far from unity. Alternative approaches we considered included
making b vary between stars by either making it a free parameter or
find a relationship between b and the stellar parameters. The former
approach also strongly favours an exponent that is too close to
one and was equally impractical. We briefly investigated the latter,
which will be discussed further in the paper. Specifics on how
the correction amount is dependent on the exponent in power-law
method will be discussed in Section 5.2.1.
To solve for νcorr we combine and rearrange equation (4)–(6).
The observed frequencies can now be modeled with the following
equation:
νobs  rνmod + a
(
rνmod
νmax
)b
. (7)
2.2.2 Cubic Correction
Ball & Gizon (2014) introduced two new formulations of the sur-
face correction, inspired by Gough (1990). The first considers the
correction to be in the form of a frequency-cubed term divided by
the mode inertia, referred to as the cubic correction,
νcorr = c
(
νbest
νmax
)3
/Inl, (8)
where Inl is the mode inertia for radial order n and azimuthal degree
l, and we solve for the coefficient c. The mode inertia is normalized
at the radius of the star (Aerts, Christensen-Dalsgaard & Kurtz
2010) and given by
Inl =
4π
∫ R
0
[|ξr (r)|2 + l(l + 1)|ξh(r)|2] ρr2dr[|ξr (R)|2 + l(l + 1)|ξh(R)|2] . (9)
Here, ξ r and ξ h are the radial and horizontal components of the dis-
placement eigenvector, respectively. We calculated the mode inertia
at νmax () by interpolating the mode inertia between the two adjacent
modes near νmax. Note that we are assuming that the modelled mode
inertia is close to the true value, even after homology scaling.
The profile of the inverse mode inertia over the course of
main-sequence and early sub-giant evolution is shown in Fig. 2
for a Sun-like stellar model (M = 1.0M) and a higher-mass
model (M = 1.5 M), which roughly bracket the mass range of
the LEGACY sample. The mode inertia profile for the Sun-like
star does not noticeably change, even as it approaches the sub-giant
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Figure 2. The inverse mode inertia for l = 0 modes plotted against frequencies normalized by the scaling relation νmax for two initial masses M = 1.0 and M
= 1.5 (a and b, respectively). Each model is normalized and offset by 0.5 for clarity. Colours of the circle and triangle symbols in each panel represent the same
model. Inset plot is the HR diagram of the model track (black line) and coloured symbols are the temperature and luminosity where each model was sampled.
branch. However, the higher-mass star shows non-linear variation
as it evolves. The double-hump feature in Fig. 2b before and after
the end of main-sequence hook will affect the surface correction
when mode inertia is included.
2.2.3 Inverse-cubic Correction
The second parameterization introduced by Ball & Gizon (2014)
adds an inverse frequency term to the cubic term in equation (8):,
νcorr =
[
c−1
(
νbest
νmax
)−1
+ c3
(
νbest
νmax
)3]
/Iν, (10)
where we now solve for c−1 and c3, which are the inverse and cubic
coefficients, respectively. equation (10) is referred to as the inverse-
cubic correction. This method has been shown to more accurately
correct the mode frequencies in higher mass main-sequence stars
using 3D hydrodynamic simulations (e.g Ball et al. 2016). However,
these corrections have not been tested on an ensemble of main-
sequence stars that sample a wide range of temperatures and masses
as we set out to do here.
2.2.4 Other corrections
Along with the three surface corrections above, there are other ap-
proaches that attempt to correct the discrepancy in the models. We
have not implemented them, but we note them here for complete-
ness.
(i) Frequency difference ratios were proposed by Roxburgh &
Vorontsov (2003, 2013) to marginalize the effects of improper mod-
elling of physics on the stellar surface layers. They are commonly
used instead of absolute frequencies (Lebreton & Goupil 2014;
Silva Aguirre et al. 2015).
(ii) Gruberbauer, Guenther & Kallinger (2012) proposed a
Bayesian method which includes a frequency offset parameter for
each oscillation mode. They applied their method to both the Sun
and a number of Keplertargets (see Gruberbauer & Guenther 2013;
Gruberbauer et al. 2013). While the former proved successful, they
did find biases towards stars with fewer low-frequency modes.
(iii) Sonoi et al. (2015) used a modified Lorentzian to fit the dif-
ference between standard 1D stellar models to 3D hydrodynamical
simulations.
3 DATA A N D M O D E L S
3.1 Kepler Data
We analysed the Kepler LEGACY sample (Lund et al. 2017; Silva
Aguirre et al. 2017), which consisted of 66 main-sequence Ke-
plerstars where at least 12 months of short cadence data (one minute
sampling) were available. Fig. 3 shows the distribution of stars in
our sample in the νmax–Teff plane.
For each star in the sample, we used the frequency and corre-
sponding uncertainties measured by Lund et al. (2017). It must
be noted that their peak-bagging neglected mode asymmetry (see
Benomar et al. 2018), which contributes to the surface effects. In
general, temperatures and metallicities were adopted from the Stel-
lar Parameters Classification (SPC) tool (see Buchhave et al. 2012;
Buchhave & Latham 2015). For a small number of stars, temper-
atures and metallicities were from one of the following: Ramı´rez,
Mele´ndez & Asplund (2009); Huber et al. (2013); Casagrande et al.
(2014); Chaplin et al. (2014); Pinsonneault et al. (2012) (see table
1 from Lund et al. 2017, for details). However, for two stars, KIC
9025370 and 9965715, we chose different effective temperatures
than the ones stated by Lund et al. (2017). The quoted tempera-
tures, which were 5270 ± 180K and 5860 ± 180 K, respectively,
were clear outliers in our initial results before we adopted alterna-
tive effective temperatures. The newly adopted temperatures were:
5617K for KIC 9025370 from the KeplerInput Catalog, with the
same uncertainty adopted by Huber et al. (2014) of ±3.5 per cent,
and 6326 ± 116K for KIC 9965715 derived by Molenda- ˙Zakowicz
et al. (2013).
Lund et al. (2017) included an analysis of the Sun using data from
the VIRGO instrument (Fro¨hlich 2009). They reduced the solar time
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Figure 3. Modified Hertzsprung–Russell diagram of the LEGACY sample,
with colour of the symbols corresponding to observed iron abundance. The
lines are our stellar evolution models of differing mass at solar-metallicity
calculated using the method outlined in 3.2. The modelled νmax was calcu-
lated using the asteroseismic scaling relations, equation (3).
series using the same technique as the Keplerstars. Therefore, our
sample consists of the 66 Keplerstars and also includes the Sun. We
took the effective temperature of the Sun as if it were also taken from
the SPC, therefore, the we assumed the uncertainty to be ±77K.
3.2 Stellar models
We used the stellar evolution code MESA1 (revision 9793, Paxton
et al. 2011, 2013, 2015) to calculate a grid of models. Unless oth-
erwise stated, we used default options as described in th MESA doc-
umentation and source code. The models were parameterized by
initial mass and metallicity, Z. Mass was sampled between 0.84 and
1.64 solar masses with a spacing of 0.02 solar masses and an iron
abundance between −0.6 to 0.4 dex with a spacing of 0.1 dex. This
specific sampling was chosen because it would cover almost all the
stars in our sample based on the results by Lund et al. (2017) and
Silva Aguirre et al. (2017). The stars that were not contained on our
grid were two lower-metallicity stars (KIC 7106245 and 8760414)
and two lower-mass star (KIC 7970740 and 11772920). However,
with the inclusion of a scale factor r we aim to find an appropriately
fitting model, even for stars falling slightly outside our model grid.
We adopted an enrichment law to calculate the initial helium
abundance, Y:
Y = 0.24 + 2Z. (11)
Mixing-length theory (Cox & Giuli 1968) was used to describe
convection, but set to a constant αMLT = 1.8 in order to limit the di-
mensionality of the grid. Overshoot mixing was treated with the ex-
ponential decay formalism (Freytag, Ludwig & Steffen 1996) with
a value of fov = 0.01. Our grid was intentionally not solar calibrated
because we did not want a bias towards the more Sun-like stars,
which were of less interest. We adopted a standard Eddington-grey
atmosphere. OPAL opacities and chemical abundances used were
derived by Asplund et al. (2009). In general, we used the NACRE
compilation (Angulo et al. 1999) for thermonuclear reaction rates,
but used the JINA reaclib database (Cyburt et al. 2010) for
1http://mesa.sourceforge.net/
14N(p, γ )15O, and Kunz et al. (2002) for 12C(α, γ )16O. Diffusion,
gravitational settling, rotation and mass loss were neglected.
Models were evolved from pre-main-sequence until the large
separation from the scaling relation reached the limit ν = 40μHz
(smaller than for any star in our sample) or when the age exceeded
14 Gyr. To ensure no discontinuities in stellar structure, we en-
forced a maximum temperature change of |Teff | < 20 K between
sequential models to avoid too large time steps.
Adiabatic oscillation frequencies and mode-inertias were calcu-
lated using GYRE (Townsend & Teitler 2013). The radial, dipole,
and quadrupole modes were evaluated for models after the zero age
main. Templates for our MESA and GYRE inlists are available online.2
4 ME T H O D
For each star in our sample, we used the observed absolute mode fre-
quencies and the iron abundance [Fe/H] to determine the probability
for each model in our grid. We used a least-squares optimization
routine to find the best-fitting scale factor r. The routine would
search the one dimensional parameter space of r and calculate the
one or two coefficients of the empirically calculated surface correc-
tion using linear regression (see Ball & Gizon 2014, for details of
calculation). The reduced χ2 statistic was calculated, defined by
χ2ν =
1
Nobs
Nobs∑
i
(
rνmod,i − νobs,i
σobs,i
)2
, (12)
where σ obs are the observed uncertainties and Nobs is the number of
observed modes. The corresponding likelihood,
Lν = exp
(
−1
2
χ2ν
)
, (13)
defines the probability that the oscillation modes fit a given model.
All available observed modes calculated by Lund et al. (2017) were
used in our analysis.
With the introduction of the scale factor r, it was common to find
multiple models with different initial parameters that provided a
similarly good fit. The inclusion of iron abundance in the posterior
calculation reduced the number of multiple solutions. Specifically,
the ratio of iron-to-hydrogen for the stellar models was estimated
from the initial metallicity of each model using the solar value
[Fe/H]mod = log (Z/X) − log (Z/X)sun, (14)
where (Z/X)sun = 0.0181 (from Asplund et al. 2009). The result
from equation (14) was used to calculate the metallicity likelihood
L[Fe/H] = exp
(
−1
2
[Fe/H]mod − [Fe/H]obs
σ[Fe/H]
)
, (15)
where σ [Fe/H] is the metallicity uncertainty from Lund et al. (2017).
The total likelihood was calculated by multiplying the two like-
lihoods (from equation 13 and 15) together. We also considered
models only with temperatures that were within three standard de-
viations from the observed values. That is, the temperature likeli-
hood was one if |Teff,obs − Teff,mod| ≤ 3σTeff , else it was zero and the
model was not considered.
It is important to note that using a scale factor r changes the
parameters of our model in a non-linear way (except mean den-
sity). Therefore, we included a Gaussian prior on our models where
the probability of a model was greatest at r = 1 with a standard
2http://www.physics.usyd.edu.au/ dcom1502/inlists/
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deviation of 1 per cent. The width of the prior is an intentionally
overestimated approximation to the relative frequency difference
between sequential models of a typical oscillation mode around
νmax.
The posterior was calculated for all models in our grid for each
observed star. To determine the modelled stellar and surface cor-
rection parameters (and their uncertainties), the probability of the
best-fitting model for each combination of initial mass and metallic-
ity was used to weight the mean and standard deviation. A weighted
average should average out any bias caused by the scale factor r. We
included the weight of only one model for each evolutionary track
to eliminate the bias caused by different steps that the stellar mod-
els take in parameter space. For example, the probability would
be biased towards an evolutionary track that spent more time at
the desired observed large separation, that is, where ∂ν/∂t is small.
Marginalizing over time is not trivial because the time steps between
sequential models were not equal, and biased towards more rapidly
evolving stars. Additionally, we made the assumption that the prob-
ability distribution was symmetric before and after the best-fitting
model for a given evolutionary track. Therefore, only considering a
single model per track was a suitable approximation.
Finally, in some aspects of our analysis, we only considered
the model with the greatest probability, in which the best-fitting
model was used to compare the quality of fit between the surface
corrections. We will mention below if a value is from the weighted
average or the best-fitting model.
5 R ESULTS
5.1 Model results
The weighted averages of the stellar parameters, and their uncer-
tainties, are shown in Tables 1–3, along with the relative surface
correction at νmax. It is difficult to independently verify our results
because the Kepler data is the only way to estimate the parameters
for most of the stars. Therefore, to test consistency, we considered
the technique outlined by Silva Aguirre et al. (2017). They used the
BASTA pipeline (see Silva Aguirre et al. 2015) as a reference to test
the results against the other six pipelines in that paper.
Likewise, in Fig. 4, we plot the absolute differences between
the results of the stellar parameters from BASTA and our pipeline
against the average of the two. The difference between each cor-
rection method and the BASTA pipeline was greater than the differ-
ence across the three corrections. This strongly suggested the choice
of correction method affects the resulting fitted stellar parameters
much less than the effect from differences in the adopted physics of
the stellar models.
We implemented the two quantitative diagnostics used by Silva
Aguirre et al. (2017) in their comparison: the Pearson product-
moment correlation coefficient rP (subscript added to avoid confu-
sion with the homology scale factor r) and the p-value of a one-
sample t-test of the weighted mean of the differences. Both values
are shown in Fig. 4. Based on the sample size, a correlation coef-
ficient of |rP| > 0.25 from a linear regression analysis indicates a
significant difference at a level of 5 per cent. While the mass does
show a slight difference, the radius and age parameters do not. How-
ever, our calculated radius was consistently greater than the BASTA
results for the larger stars. This was likely due to the adoption of
a constant mixing length for our models. Calibrations of the mix-
ing length parameter using 3D hydrodynamical simulations (e.g.
Trampedach et al. 2014; Magic, Weiss & Asplund 2015) show that
the mixing length decreases as surface gravity decreases or effec-
tive temperature increases. Therefore, our mixing length is clearly
overestimated for the higher-mass stars in our grid.
We also considered the difference in the means of the results
(weighted by the uncertainties) between the two pipelines. Follow-
ing Silva Aguirre et al. (2017), we rejected the null hypothesis H0
if the p-value was less than 0.05. The radius calculated using the
inverse-cubic correction was the only parameter that showed a sig-
nificant difference. Other discrepancies will be discussed in the in
Section 5.3. We did not consider alternative methods of compari-
son such as the parallaxes or interferometric radii, which were only
available for a small subset of our sample, because we wanted to
focus on the general trends of all stars in the sample (obtaining the
stellar parameters was not the primary goal of this paper).
For each star, the mean and standard deviation of the scale factor r
was calculated using posterior probability of the models as weights.
We examine the results of the homology scaling in Fig. 5. Compared
to Kjeldsen et al. (2008), where they allowed the frequencies to be
scaled by over 11 per cent for a model of β Hyi, we were more
cautious when allowing the frequencies to be scaled away from
unity. The distribution of calculated r-values show a clear fixed bias
slightly towards r < 1. No significant proportional bias (|rP| < 0.25)
can be seen in Fig. 5, but the slope of the weighted linear fit is still
dominated by the star in the top right-hand side of the plot. In fact,
the slope is only negative because of that star.
The clear ’outlier’ star in the left panel of Fig. 5 is KIC 7970740,
a low-mass star that was known to have a mass outside of our grid
range. Hence, our calculated stellar parameters shown in Tables 1–
3, particularly mass, are less accurate for this star because the
homology scaling was used to extrapolate our grid. It was expected
that modelled mode frequencies would need to be increased to
match the observed frequencies. The star with lowest r value, KIC
6933899, is not a significant outlier and the stellar and surface
correction parameters are in agreement with the rest of the sample.
However, this star has a lower scale factor r because it probably has
an inaccurate helium abundance due to the correlated residuals in
the mode frequencies (black symbols in Fig. 8). The reason for this
will be discussed in Section 5.3.
The average r-value for each star was within the one-sigma un-
certainty for all three correction methods resulting in three nearly
identical kernel densities. This reinforces the fact that the stellar
parameters from our pipeline are mostly independent of the chosen
correction method. Overall, we are satisfied with the implementa-
tion of the scale factor r, and its ability to produce better fitting
models.
5.2 Surface correction results
We present the ensemble analysis of the three surface corrections
in Figs 6 and 7. The results confirm that the surface correction is
always negative. This is encouraging because there were no priors
on the surface correction coefficients.
We expected to observe trends between the surface correction
and those stellar parameters that probe the outer layers of the
star. Figs 6 and 7 show the relative surface correction at νmax,
νcorr(νmax)/νmax, against effective temperature and surface grav-
ity, respectively. These two parameters were chosen specifically
because they are the two independent variables in the νmax scal-
ing relation, equation (3). Additionally, Trampedach et al. (2017)
showed, using 3D stellar surface convection simulations, a relation-
ship between the relative surface correction and these two stellar
parameters for main-sequence stars. Some of these figures display
a clear trend and could imply a causal relationship. They will be
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Figure 4. Plots of the absolute difference in mass, radius and age between our pipeline and the BASTA pipeline for all surface correction methods as a function
of the average of our pipeline and the BASTA pipeline. The solid lines mark where there is zero difference. The dashed lines correspond to the mean and twice
the standard deviation of the differences weighted by their uncertainties. The r- and p-values are also shown (see text for details).
Figure 5. The left-hand panel shows the weighted average of the calculated scale factor r for the inverse-cubic method against effective temperature. Error
bars show one-sigma uncertainties. The green dashed line shows the weighted linear fit to the data. The right-hand panel is the kernel density estimate of the
r-values for all three correction methods.
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Table 1. Stellar and surface correction parameters for LEGACY stars using the power-law correction method.
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
1435467 1.324 ± 0.021 1.616 ± 0.251 1.685 ± 0.017 2.957 ± 0.190 2.468 ± 0.624 0.9960 ± 0.0034
2837475 1.392 ± 0.041 1.478 ± 0.319 1.614 ± 0.018 1.803 ± 0.243 1.906 ± 0.613 0.9979 ± 0.0037
3427720 1.098 ± 0.020 1.323 ± 0.207 1.109 ± 0.009 2.751 ± 0.368 4.597 ± 0.335 0.9973 ± 0.0034
3456181 1.570 ± 0.016 1.965 ± 0.224 2.167 ± 0.019 1.864 ± 0.072 1.759 ± 0.736 0.9964 ± 0.0070
3632418 1.441 ± 0.006 2.172 ± 0.157 1.905 ± 0.008 2.531 ± 0.050 2.754 ± 0.222 0.9864 ± 0.0045
3656476 1.043 ± 0.014 2.190 ± 0.249 1.292 ± 0.009 8.770 ± 0.483 5.135 ± 0.334 0.9924 ± 0.0048
3735871 1.111 ± 0.029 1.308 ± 0.244 1.097 ± 0.010 2.097 ± 0.679 4.188 ± 0.439 0.9989 ± 0.0016
4914923 1.090 ± 0.019 1.868 ± 0.229 1.357 ± 0.012 6.875 ± 0.377 4.998 ± 0.308 0.9923 ± 0.0044
5184732 1.185 ± 0.011 2.912 ± 0.341 1.322 ± 0.007 4.318 ± 0.251 4.735 ± 0.479 0.9900 ± 0.0047
5773345 1.502 ± 0.020 2.373 ± 0.342 2.018 ± 0.017 2.243 ± 0.104 3.388 ± 0.375 0.9974 ± 0.0058
5950854 0.970 ± 0.022 1.032 ± 0.160 1.232 ± 0.011 9.128 ± 0.799 4.549 ± 0.398 0.9959 ± 0.0026
6106415 1.078 ± 0.017 1.434 ± 0.234 1.213 ± 0.010 5.220 ± 0.365 4.079 ± 0.432 0.9942 ± 0.0038
6116048 1.026 ± 0.016 1.087 ± 0.141 1.218 ± 0.010 6.658 ± 0.434 3.989 ± 0.354 0.9914 ± 0.0042
6225718 1.150 ± 0.021 1.452 ± 0.266 1.226 ± 0.010 3.089 ± 0.318 3.260 ± 0.484 0.9943 ± 0.0030
6508366 1.590 ± 0.013 2.362 ± 0.297 2.195 ± 0.016 1.868 ± 0.030 1.499 ± 0.387 0.9908 ± 0.0052
6603624 1.007 ± 0.011 2.133 ± 0.223 1.136 ± 0.009 8.611 ± 0.395 4.650 ± 0.303 0.9872 ± 0.0064
6679371 1.616 ± 0.010 2.015 ± 0.221 2.243 ± 0.019 1.693 ± 0.037 0.385 ± 0.686 0.9984 ± 0.0044
6933899 1.167 ± 0.012 2.120 ± 0.060 1.576 ± 0.014 5.949 ± 0.242 4.993 ± 0.256 0.9752 ± 0.0094
7103006 1.474 ± 0.021 1.923 ± 0.229 1.956 ± 0.016 2.212 ± 0.136 1.172 ± 0.418 0.9986 ± 0.0043
7106245 0.941 ± 0.025 0.479 ± 0.101 1.099 ± 0.012 6.828 ± 0.748 6.753 ± 0.365 0.9949 ± 0.0031
7206837 1.324 ± 0.035 1.871 ± 0.386 1.564 ± 0.015 2.605 ± 0.340 2.204 ± 0.674 0.9991 ± 0.0048
7296438 1.100 ± 0.021 2.120 ± 0.307 1.365 ± 0.012 6.905 ± 0.548 5.307 ± 0.423 0.9974 ± 0.0038
7510397 1.440 ± 0.005 2.450 ± 0.261 1.891 ± 0.008 2.594 ± 0.067 3.035 ± 0.522 0.9989 ± 0.0068
7680114 1.073 ± 0.019 1.778 ± 0.235 1.390 ± 0.011 7.549 ± 0.525 5.163 ± 0.452 0.9953 ± 0.0042
7771282 1.227 ± 0.059 1.408 ± 0.291 1.619 ± 0.025 4.060 ± 0.756 3.148 ± 0.620 0.9995 ± 0.0032
7871531 0.858 ± 0.014 0.979 ± 0.147 0.876 ± 0.006 9.181 ± 0.925 2.876 ± 0.233 0.9963 ± 0.0026
7940546 1.479 ± 0.006 2.117 ± 0.053 1.980 ± 0.010 2.314 ± 0.038 1.844 ± 0.111 0.9989 ± 0.0058
7970740 0.840 ± 0.000 1.086 ± 0.051 0.811 ± 0.001 7.245 ± 0.188 1.316 ± 0.049 1.0243 ± 0.0027
8006161 0.960 ± 0.010 2.687 ± 0.414 0.919 ± 0.007 5.308 ± 0.377 3.021 ± 0.325 0.9979 ± 0.0061
8150065 1.172 ± 0.045 1.324 ± 0.353 1.382 ± 0.019 3.893 ± 0.652 5.582 ± 0.859 0.9985 ± 0.0022
8179536 1.198 ± 0.039 1.347 ± 0.275 1.334 ± 0.015 2.954 ± 0.635 3.509 ± 0.583 0.9985 ± 0.0015
8228742 1.441 ± 0.004 2.581 ± 0.179 1.888 ± 0.006 2.618 ± 0.054 3.842 ± 0.365 0.9951 ± 0.0049
8379927 1.130 ± 0.020 1.472 ± 0.331 1.118 ± 0.010 2.019 ± 0.308 3.377 ± 0.521 0.9950 ± 0.0036
8394589 1.032 ± 0.029 0.836 ± 0.154 1.156 ± 0.013 4.969 ± 0.666 4.149 ± 0.461 0.9973 ± 0.0021
8424992 0.922 ± 0.020 1.158 ± 0.201 1.043 ± 0.010 9.858 ± 1.051 4.492 ± 0.396 0.9964 ± 0.0028
8694723 1.135 ± 0.016 1.042 ± 0.129 1.529 ± 0.016 5.094 ± 0.200 2.484 ± 0.458 0.9839 ± 0.0086
8760414 0.840 ± 0.001 0.435 ± 0.022 1.034 ± 0.001 11.653 ± 0.145 3.425 ± 0.097 0.9981 ± 0.0006
8938364 0.969 ± 0.014 1.324 ± 0.215 1.338 ± 0.010 10.868 ± 0.620 5.522 ± 0.493 0.9957 ± 0.0045
9025370 0.992 ± 0.022 1.175 ± 0.359 1.004 ± 0.010 4.669 ± 0.531 4.297 ± 0.591 0.9991 ± 0.0034
9098294 0.974 ± 0.018 1.148 ± 0.158 1.138 ± 0.010 8.273 ± 0.714 4.568 ± 0.305 0.9949 ± 0.0042
9139151 1.135 ± 0.025 1.603 ± 0.277 1.141 ± 0.010 2.424 ± 0.517 4.404 ± 0.455 0.9990 ± 0.0021
9139163 1.362 ± 0.029 2.368 ± 0.492 1.548 ± 0.014 2.151 ± 0.216 1.357 ± 0.666 0.9936 ± 0.0065
9206432 1.382 ± 0.037 1.951 ± 0.406 1.502 ± 0.015 1.509 ± 0.276 2.170 ± 0.572 0.9998 ± 0.0021
9353712 1.587 ± 0.011 2.234 ± 0.252 2.184 ± 0.016 1.843 ± 0.044 5.774 ± 0.622 0.9939 ± 0.0074
9410862 0.967 ± 0.028 0.758 ± 0.144 1.147 ± 0.013 7.358 ± 0.949 4.089 ± 0.516 0.9978 ± 0.0021
9414417 1.458 ± 0.015 2.064 ± 0.147 1.936 ± 0.016 2.387 ± 0.118 1.988 ± 0.375 0.9944 ± 0.0076
9812850 1.401 ± 0.027 1.549 ± 0.226 1.813 ± 0.022 2.383 ± 0.124 2.045 ± 0.446 0.9999 ± 0.0069
9955598 0.901 ± 0.013 1.485 ± 0.299 0.884 ± 0.007 6.956 ± 0.681 3.227 ± 0.358 0.9991 ± 0.0047
9965715 1.090 ± 0.046 0.794 ± 0.277 1.271 ± 0.022 4.228 ± 0.677 3.357 ± 0.839 0.9981 ± 0.0019
10068307 1.549 ± 0.024 2.588 ± 0.268 2.104 ± 0.034 2.063 ± 0.084 4.420 ± 0.252 0.9885 ± 0.0163
10079226 1.110 ± 0.044 1.865 ± 0.342 1.141 ± 0.015 3.594 ± 1.283 3.952 ± 0.423 0.9989 ± 0.0014
10162436 1.496 ± 0.011 2.131 ± 0.079 2.024 ± 0.015 2.255 ± 0.056 4.190 ± 0.161 0.9796 ± 0.0080
10454113 1.185 ± 0.027 1.533 ± 0.231 1.242 ± 0.012 2.446 ± 0.431 3.057 ± 0.291 0.9938 ± 0.0053
10516096 1.065 ± 0.019 1.281 ± 0.209 1.393 ± 0.011 6.930 ± 0.446 4.907 ± 0.460 0.9947 ± 0.0036
10644253 1.146 ± 0.022 1.620 ± 0.284 1.109 ± 0.009 1.480 ± 0.409 4.173 ± 0.471 0.9990 ± 0.0030
10730618 1.382 ± 0.045 1.943 ± 0.629 1.779 ± 0.030 2.656 ± 0.335 2.427 ± 1.134 0.9972 ± 0.0054
10963065 1.058 ± 0.021 1.022 ± 0.173 1.214 ± 0.011 5.205 ± 0.452 4.057 ± 0.497 0.9971 ± 0.0035
11081729 1.280 ± 0.046 1.720 ± 0.362 1.418 ± 0.016 2.347 ± 0.566 1.237 ± 1.094 0.9994 ± 0.0016
11253226 1.369 ± 0.034 1.317 ± 0.255 1.590 ± 0.017 1.876 ± 0.190 1.035 ± 0.384 0.9991 ± 0.0038
11772920 0.853 ± 0.013 1.282 ± 0.415 0.853 ± 0.007 9.219 ± 0.957 2.914 ± 0.501 1.0000 ± 0.0041
12009504 1.151 ± 0.028 1.385 ± 0.277 1.385 ± 0.015 4.474 ± 0.416 4.294 ± 0.609 0.9941 ± 0.0031
12069127 1.628 ± 0.010 2.138 ± 0.146 2.297 ± 0.009 1.732 ± 0.050 4.489 ± 0.418 0.9962 ± 0.0043
12069424 1.030 ± 0.010 1.690 ± 0.013 1.195 ± 0.007 7.498 ± 0.407 4.490 ± 0.162 0.9865 ± 0.0042
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Table 1 – continued
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
12069449 0.990 ± 0.018 1.608 ± 0.145 1.086 ± 0.012 7.623 ± 0.487 4.233 ± 0.087 0.9881 ± 0.0075
12258514 1.176 ± 0.013 1.902 ± 0.224 1.556 ± 0.011 5.376 ± 0.236 5.277 ± 0.479 0.9899 ± 0.0061
12317678 1.405 ± 0.013 1.111 ± 0.086 1.832 ± 0.008 2.156 ± 0.055 1.750 ± 0.154 1.0037 ± 0.0023
Sun 0.989 ± 0.010 1.350 ± 0.001 0.990 ± 0.007 4.824 ± 0.364 3.836 ± 0.103 0.9954 ± 0.0060
Table 2. Stellar and surface correction parameters for LEGACY stars using the cubic correction method.
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
1435467 1.320 ± 0.022 1.542 ± 0.238 1.681 ± 0.016 2.945 ± 0.198 3.006 ± 0.881 0.9960 ± 0.0037
2837475 1.395 ± 0.038 1.437 ± 0.303 1.611 ± 0.018 1.744 ± 0.217 2.359 ± 0.730 0.9973 ± 0.0048
3427720 1.098 ± 0.020 1.311 ± 0.203 1.110 ± 0.009 2.773 ± 0.360 2.953 ± 0.258 0.9976 ± 0.0036
3456181 1.566 ± 0.016 1.881 ± 0.222 2.162 ± 0.019 1.851 ± 0.071 2.474 ± 0.562 0.9970 ± 0.0072
3632418 1.442 ± 0.006 2.130 ± 0.075 1.910 ± 0.007 2.528 ± 0.045 3.005 ± 0.133 0.9906 ± 0.0035
3656476 1.047 ± 0.014 2.205 ± 0.248 1.296 ± 0.010 8.666 ± 0.476 3.014 ± 0.254 0.9926 ± 0.0056
3735871 1.109 ± 0.029 1.286 ± 0.240 1.097 ± 0.010 2.153 ± 0.667 2.879 ± 0.364 0.9994 ± 0.0015
4914923 1.091 ± 0.019 1.873 ± 0.228 1.358 ± 0.012 6.848 ± 0.368 3.116 ± 0.233 0.9916 ± 0.0050
5184732 1.185 ± 0.012 2.794 ± 0.321 1.325 ± 0.011 4.305 ± 0.224 3.133 ± 0.417 0.9920 ± 0.0090
5773345 1.501 ± 0.020 2.294 ± 0.292 2.019 ± 0.015 2.236 ± 0.112 3.713 ± 0.453 0.9994 ± 0.0052
5950854 0.972 ± 0.022 1.035 ± 0.160 1.235 ± 0.012 9.081 ± 0.779 2.824 ± 0.306 0.9967 ± 0.0032
6106415 1.074 ± 0.016 1.299 ± 0.211 1.214 ± 0.009 5.140 ± 0.343 3.079 ± 0.364 0.9970 ± 0.0040
6116048 1.024 ± 0.017 1.026 ± 0.138 1.219 ± 0.010 6.556 ± 0.404 2.980 ± 0.339 0.9933 ± 0.0043
6225718 1.141 ± 0.020 1.236 ± 0.228 1.223 ± 0.010 3.059 ± 0.296 3.022 ± 0.462 0.9969 ± 0.0029
6508366 1.585 ± 0.012 2.230 ± 0.223 2.189 ± 0.015 1.866 ± 0.031 2.496 ± 0.332 0.9907 ± 0.0053
6603624 1.010 ± 0.011 2.139 ± 0.232 1.139 ± 0.009 8.512 ± 0.388 2.565 ± 0.237 0.9877 ± 0.0071
6679371 1.611 ± 0.011 1.855 ± 0.227 2.231 ± 0.020 1.660 ± 0.051 1.439 ± 1.034 0.9983 ± 0.0056
6933899 1.168 ± 0.011 2.120 ± 0.047 1.575 ± 0.012 5.936 ± 0.234 3.189 ± 0.204 0.9727 ± 0.0078
7103006 1.469 ± 0.022 1.803 ± 0.196 1.950 ± 0.016 2.189 ± 0.145 2.813 ± 0.713 0.9991 ± 0.0045
7106245 0.936 ± 0.025 0.471 ± 0.102 1.099 ± 0.012 6.982 ± 0.734 4.623 ± 0.329 0.9945 ± 0.0032
7206837 1.326 ± 0.035 1.842 ± 0.376 1.565 ± 0.015 2.570 ± 0.340 2.272 ± 0.753 1.0002 ± 0.0058
7296438 1.102 ± 0.021 2.136 ± 0.307 1.367 ± 0.011 6.866 ± 0.540 3.336 ± 0.334 0.9968 ± 0.0038
7510397 1.437 ± 0.010 2.178 ± 0.231 1.892 ± 0.014 2.537 ± 0.053 3.185 ± 0.468 1.0027 ± 0.0070
7680114 1.074 ± 0.019 1.735 ± 0.213 1.392 ± 0.012 7.461 ± 0.506 3.390 ± 0.321 0.9959 ± 0.0045
7771282 1.230 ± 0.059 1.409 ± 0.288 1.620 ± 0.025 4.014 ± 0.761 2.950 ± 0.687 0.9995 ± 0.0033
7871531 0.855 ± 0.013 0.929 ± 0.117 0.876 ± 0.005 9.256 ± 0.909 1.724 ± 0.137 0.9965 ± 0.0035
7940546 1.478 ± 0.008 2.081 ± 0.125 1.981 ± 0.012 2.309 ± 0.042 2.545 ± 0.365 1.0008 ± 0.0054
7970740 0.840 ± 0.000 1.085 ± 0.046 0.812 ± 0.001 7.331 ± 0.167 0.816 ± 0.034 1.0257 ± 0.0025
8006161 0.961 ± 0.010 2.617 ± 0.437 0.921 ± 0.007 5.293 ± 0.386 1.653 ± 0.241 0.9994 ± 0.0061
8150065 1.170 ± 0.045 1.312 ± 0.354 1.382 ± 0.020 3.925 ± 0.645 4.384 ± 0.867 0.9980 ± 0.0021
8179536 1.201 ± 0.040 1.337 ± 0.269 1.334 ± 0.015 2.907 ± 0.650 3.067 ± 0.612 0.9985 ± 0.0016
8228742 1.441 ± 0.004 2.424 ± 0.262 1.891 ± 0.006 2.579 ± 0.074 3.374 ± 0.482 0.9982 ± 0.0053
8379927 1.120 ± 0.021 1.217 ± 0.285 1.116 ± 0.010 2.048 ± 0.293 2.953 ± 0.503 0.9984 ± 0.0033
8394589 1.031 ± 0.028 0.821 ± 0.152 1.156 ± 0.012 4.992 ± 0.639 3.131 ± 0.414 0.9977 ± 0.0016
8424992 0.923 ± 0.020 1.160 ± 0.201 1.045 ± 0.010 9.824 ± 1.030 2.422 ± 0.257 0.9966 ± 0.0028
8694723 1.130 ± 0.017 0.950 ± 0.120 1.526 ± 0.017 5.001 ± 0.188 2.742 ± 0.492 0.9853 ± 0.0083
8760414 0.840 ± 0.001 0.433 ± 0.016 1.034 ± 0.001 11.64 ± 0.111 2.353 ± 0.049 0.9971 ± 0.0006
8938364 0.971 ± 0.014 1.308 ± 0.206 1.340 ± 0.011 10.743 ± 0.586 3.435 ± 0.350 0.9952 ± 0.0051
9025370 0.991 ± 0.022 1.138 ± 0.357 1.005 ± 0.010 4.637 ± 0.517 2.573 ± 0.469 0.9995 ± 0.0034
9098294 0.977 ± 0.018 1.145 ± 0.151 1.140 ± 0.010 8.147 ± 0.687 2.891 ± 0.234 0.9954 ± 0.0047
9139151 1.132 ± 0.024 1.559 ± 0.279 1.141 ± 0.010 2.462 ± 0.495 3.032 ± 0.402 0.9997 ± 0.0021
9139163 1.339 ± 0.029 1.743 ± 0.384 1.535 ± 0.018 2.155 ± 0.183 2.961 ± 0.809 0.9981 ± 0.0074
9206432 1.391 ± 0.038 1.947 ± 0.401 1.502 ± 0.016 1.405 ± 0.268 2.690 ± 0.829 0.9990 ± 0.0020
9353712 1.587 ± 0.011 2.213 ± 0.223 2.184 ± 0.016 1.840 ± 0.043 4.293 ± 0.348 0.9926 ± 0.0074
9410862 0.968 ± 0.028 0.759 ± 0.144 1.149 ± 0.013 7.326 ± 0.916 2.815 ± 0.423 0.9983 ± 0.0027
9414417 1.457 ± 0.015 1.950 ± 0.211 1.934 ± 0.017 2.343 ± 0.118 2.722 ± 0.679 0.9964 ± 0.0076
9812850 1.394 ± 0.026 1.491 ± 0.197 1.809 ± 0.021 2.409 ± 0.130 2.878 ± 0.540 1.0005 ± 0.0068
9955598 0.902 ± 0.013 1.485 ± 0.296 0.886 ± 0.007 6.923 ± 0.667 1.742 ± 0.230 0.9991 ± 0.0050
9965715 1.083 ± 0.046 0.732 ± 0.254 1.268 ± 0.022 4.265 ± 0.678 3.186 ± 0.865 0.9984 ± 0.0016
10068307 1.551 ± 0.023 2.571 ± 0.212 2.108 ± 0.034 2.057 ± 0.081 3.740 ± 0.191 0.9903 ± 0.0164
10079226 1.106 ± 0.044 1.822 ± 0.338 1.141 ± 0.015 3.706 ± 1.258 2.820 ± 0.404 0.9993 ± 0.0015
10162436 1.498 ± 0.008 2.125 ± 0.049 2.029 ± 0.011 2.248 ± 0.043 4.250 ± 0.171 0.9826 ± 0.0060
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Table 2 – continued
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
10454113 1.184 ± 0.028 1.514 ± 0.225 1.241 ± 0.012 2.451 ± 0.441 2.450 ± 0.268 0.9933 ± 0.0054
10516096 1.065 ± 0.018 1.258 ± 0.200 1.395 ± 0.011 6.903 ± 0.412 3.448 ± 0.386 0.9956 ± 0.0036
10644253 1.147 ± 0.022 1.616 ± 0.281 1.111 ± 0.009 1.486 ± 0.397 2.735 ± 0.370 0.9992 ± 0.0032
10730618 1.375 ± 0.042 1.752 ± 0.587 1.773 ± 0.028 2.631 ± 0.308 2.745 ± 1.042 0.9970 ± 0.0053
10963065 1.056 ± 0.022 0.994 ± 0.171 1.215 ± 0.011 5.212 ± 0.445 2.924 ± 0.426 0.9980 ± 0.0028
11081729 1.291 ± 0.047 1.692 ± 0.359 1.419 ± 0.016 2.166 ± 0.586 1.700 ± 1.393 0.9996 ± 0.0019
11253226 1.368 ± 0.035 1.260 ± 0.248 1.587 ± 0.017 1.856 ± 0.206 1.820 ± 0.647 1.0003 ± 0.0037
11772920 0.852 ± 0.013 1.223 ± 0.386 0.854 ± 0.006 9.186 ± 0.935 1.631 ± 0.316 1.0006 ± 0.0038
12009504 1.150 ± 0.027 1.284 ± 0.239 1.385 ± 0.014 4.381 ± 0.380 3.740 ± 0.539 0.9963 ± 0.0030
12069127 1.628 ± 0.010 2.132 ± 0.120 2.297 ± 0.009 1.731 ± 0.050 3.412 ± 0.212 0.9953 ± 0.0042
12069424 1.035 ± 0.009 1.690 ± 0.013 1.200 ± 0.007 7.336 ± 0.333 2.836 ± 0.128 0.9888 ± 0.0047
12069449 0.989 ± 0.019 1.597 ± 0.152 1.088 ± 0.012 7.694 ± 0.501 2.510 ± 0.056 0.9897 ± 0.0074
12258514 1.177 ± 0.012 1.811 ± 0.196 1.558 ± 0.011 5.255 ± 0.220 4.111 ± 0.439 0.9915 ± 0.0071
12317678 1.403 ± 0.010 1.096 ± 0.063 1.827 ± 0.007 2.149 ± 0.046 2.093 ± 0.220 1.0007 ± 0.0027
Sun 0.993 ± 0.010 1.350 ± 0.001 0.996 ± 0.007 4.743 ± 0.348 2.354 ± 0.098 0.9999 ± 0.0058
Table 3. Stellar and surface correction parameters for LEGACY stars using the inverse-cubic correction method.
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
1435467 1.321 ± 0.023 1.553 ± 0.249 1.683 ± 0.018 2.949 ± 0.200 2.718 ± 1.578 0.9974 ± 0.0047
2837475 1.396 ± 0.040 1.440 ± 0.308 1.611 ± 0.016 1.744 ± 0.249 2.907 ± 2.981 0.9977 ± 0.0055
3427720 1.098 ± 0.020 1.310 ± 0.203 1.111 ± 0.009 2.784 ± 0.363 2.891 ± 0.189 0.9983 ± 0.0035
3456181 1.565 ± 0.017 1.948 ± 0.219 2.157 ± 0.019 1.878 ± 0.072 7.625 ± 0.862 0.9966 ± 0.0070
3632418 1.442 ± 0.007 2.134 ± 0.090 1.908 ± 0.008 2.519 ± 0.052 6.160 ± 0.227 0.9915 ± 0.0039
3656476 1.047 ± 0.014 2.215 ± 0.255 1.296 ± 0.010 8.644 ± 0.483 2.661 ± 0.350 0.9926 ± 0.0055
3735871 1.109 ± 0.029 1.286 ± 0.240 1.097 ± 0.010 2.154 ± 0.665 3.142 ± 0.367 0.9996 ± 0.0016
4914923 1.091 ± 0.019 1.874 ± 0.228 1.360 ± 0.012 6.858 ± 0.370 2.952 ± 0.198 0.9933 ± 0.0044
5184732 1.185 ± 0.012 2.799 ± 0.322 1.325 ± 0.011 4.308 ± 0.223 3.321 ± 0.385 0.9920 ± 0.0088
5773345 1.507 ± 0.023 2.370 ± 0.337 2.017 ± 0.016 2.194 ± 0.129 5.861 ± 0.622 0.9975 ± 0.0054
5950854 0.972 ± 0.022 1.036 ± 0.160 1.236 ± 0.012 9.073 ± 0.777 2.335 ± 0.257 0.9968 ± 0.0031
6106415 1.074 ± 0.016 1.297 ± 0.212 1.214 ± 0.009 5.143 ± 0.344 2.987 ± 0.322 0.9968 ± 0.0041
6116048 1.025 ± 0.017 1.028 ± 0.138 1.219 ± 0.010 6.553 ± 0.404 3.165 ± 0.317 0.9935 ± 0.0043
6225718 1.142 ± 0.021 1.243 ± 0.231 1.224 ± 0.010 3.044 ± 0.299 3.272 ± 0.465 0.9973 ± 0.0031
6508366 1.583 ± 0.010 2.187 ± 0.181 2.183 ± 0.012 1.862 ± 0.027 8.074 ± 0.425 0.9925 ± 0.0044
6603624 1.010 ± 0.011 2.139 ± 0.232 1.139 ± 0.009 8.512 ± 0.388 2.549 ± 0.217 0.9877 ± 0.0071
6679371 1.607 ± 0.011 1.790 ± 0.194 2.216 ± 0.018 1.642 ± 0.045 4.541 ± 2.015 0.9953 ± 0.0058
6933899 1.168 ± 0.011 2.121 ± 0.048 1.576 ± 0.013 5.933 ± 0.234 4.094 ± 0.248 0.9737 ± 0.0080
7103006 1.471 ± 0.024 1.794 ± 0.195 1.945 ± 0.015 2.162 ± 0.156 6.331 ± 1.418 0.9993 ± 0.0042
7106245 0.939 ± 0.027 0.478 ± 0.105 1.101 ± 0.014 6.928 ± 0.801 3.517 ± 1.369 0.9947 ± 0.0029
7206837 1.327 ± 0.037 1.856 ± 0.381 1.565 ± 0.014 2.556 ± 0.362 2.384 ± 1.236 0.9997 ± 0.0059
7296438 1.103 ± 0.022 2.142 ± 0.308 1.369 ± 0.012 6.852 ± 0.545 2.912 ± 0.415 0.9974 ± 0.0044
7510397 1.434 ± 0.014 2.149 ± 0.257 1.885 ± 0.017 2.535 ± 0.058 6.537 ± 0.655 1.0015 ± 0.0077
7680114 1.075 ± 0.019 1.742 ± 0.215 1.392 ± 0.012 7.446 ± 0.500 3.754 ± 0.340 0.9959 ± 0.0049
7771282 1.232 ± 0.059 1.416 ± 0.287 1.622 ± 0.023 3.987 ± 0.765 2.072 ± 3.701 0.9993 ± 0.0038
7871531 0.855 ± 0.013 0.930 ± 0.118 0.876 ± 0.005 9.285 ± 0.910 2.288 ± 0.149 0.9971 ± 0.0034
7940546 1.478 ± 0.008 2.102 ± 0.088 1.978 ± 0.013 2.313 ± 0.045 5.964 ± 0.104 1.0014 ± 0.0068
7970740 0.840 ± 0.000 1.085 ± 0.046 0.812 ± 0.001 7.331 ± 0.167 0.815 ± 0.036 1.0257 ± 0.0025
8006161 0.961 ± 0.010 2.592 ± 0.426 0.920 ± 0.007 5.305 ± 0.384 1.954 ± 0.267 0.9995 ± 0.0061
8150065 1.170 ± 0.045 1.318 ± 0.355 1.382 ± 0.020 3.936 ± 0.661 4.335 ± 1.143 0.9982 ± 0.0022
8179536 1.199 ± 0.042 1.333 ± 0.272 1.335 ± 0.014 2.955 ± 0.687 2.119 ± 1.714 0.9989 ± 0.0014
8228742 1.441 ± 0.005 2.531 ± 0.221 1.889 ± 0.007 2.604 ± 0.064 6.318 ± 0.414 0.9978 ± 0.0055
8379927 1.120 ± 0.021 1.215 ± 0.286 1.116 ± 0.010 2.057 ± 0.295 2.905 ± 0.446 0.9988 ± 0.0033
8394589 1.030 ± 0.028 0.818 ± 0.152 1.156 ± 0.013 4.997 ± 0.637 2.748 ± 0.281 0.9977 ± 0.0020
8424992 0.922 ± 0.021 1.152 ± 0.203 1.044 ± 0.010 9.852 ± 1.032 3.041 ± 0.751 0.9971 ± 0.0026
8694723 1.129 ± 0.016 0.935 ± 0.115 1.523 ± 0.016 4.980 ± 0.174 4.477 ± 0.610 0.9852 ± 0.0084
8760414 0.840 ± 0.001 0.433 ± 0.017 1.034 ± 0.001 11.64 ± 0.112 2.525 ± 0.043 0.9972 ± 0.0006
8938364 0.971 ± 0.014 1.307 ± 0.206 1.340 ± 0.011 10.741 ± 0.584 3.285 ± 0.310 0.9951 ± 0.0051
9025370 0.992 ± 0.022 1.145 ± 0.368 1.005 ± 0.011 4.630 ± 0.517 2.550 ± 0.630 0.9994 ± 0.0035
9098294 0.977 ± 0.018 1.145 ± 0.151 1.141 ± 0.010 8.135 ± 0.688 2.692 ± 0.199 0.9953 ± 0.0047
9139151 1.133 ± 0.024 1.561 ± 0.279 1.141 ± 0.010 2.454 ± 0.495 3.165 ± 0.383 0.9993 ± 0.0021
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Table 3 – continued
KIC Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
9139163 1.347 ± 0.033 1.805 ± 0.419 1.534 ± 0.017 2.070 ± 0.218 4.558 ± 1.047 0.9966 ± 0.0079
9206432 1.385 ± 0.040 1.943 ± 0.407 1.503 ± 0.015 1.486 ± 0.327 0.823 ± 3.201 0.9989 ± 0.0017
9353712 1.585 ± 0.011 2.191 ± 0.191 2.180 ± 0.014 1.843 ± 0.039 9.714 ± 0.495 0.9955 ± 0.0068
9410862 0.969 ± 0.028 0.760 ± 0.144 1.150 ± 0.012 7.306 ± 0.916 1.294 ± 0.327 0.9979 ± 0.0021
9414417 1.454 ± 0.015 1.909 ± 0.216 1.929 ± 0.016 2.331 ± 0.116 6.527 ± 1.053 0.9969 ± 0.0064
9812850 1.391 ± 0.027 1.479 ± 0.188 1.800 ± 0.020 2.410 ± 0.135 6.912 ± 0.375 0.9979 ± 0.0066
9955598 0.903 ± 0.013 1.492 ± 0.300 0.886 ± 0.007 6.897 ± 0.676 1.554 ± 0.258 0.9990 ± 0.0047
9965715 1.085 ± 0.047 0.740 ± 0.257 1.268 ± 0.022 4.224 ± 0.701 3.566 ± 0.979 0.9985 ± 0.0014
10068307 1.551 ± 0.022 2.630 ± 0.293 2.106 ± 0.032 2.060 ± 0.080 7.167 ± 0.399 0.9912 ± 0.0152
10079226 1.104 ± 0.044 1.820 ± 0.339 1.140 ± 0.015 3.748 ± 1.277 3.431 ± 0.892 0.9993 ± 0.0014
10162436 1.498 ± 0.009 2.130 ± 0.072 2.027 ± 0.012 2.245 ± 0.049 8.430 ± 0.285 0.9841 ± 0.0063
10454113 1.185 ± 0.028 1.519 ± 0.227 1.242 ± 0.012 2.430 ± 0.438 2.830 ± 0.303 0.9935 ± 0.0054
10516096 1.065 ± 0.018 1.257 ± 0.200 1.395 ± 0.011 6.903 ± 0.413 3.175 ± 0.344 0.9954 ± 0.0036
10644253 1.147 ± 0.022 1.616 ± 0.281 1.110 ± 0.010 1.482 ± 0.400 2.920 ± 0.338 0.9988 ± 0.0031
10730618 1.374 ± 0.043 1.712 ± 0.582 1.769 ± 0.028 2.612 ± 0.309 4.951 ± 1.590 0.9967 ± 0.0049
10963065 1.056 ± 0.022 0.996 ± 0.171 1.214 ± 0.011 5.199 ± 0.442 3.172 ± 0.403 0.9974 ± 0.0032
11081729 1.295 ± 0.052 1.702 ± 0.361 1.419 ± 0.016 2.113 ± 0.661 2.534 ± 3.533 0.9995 ± 0.0018
11253226 1.373 ± 0.037 1.281 ± 0.251 1.585 ± 0.015 1.808 ± 0.228 2.868 ± 2.226 0.9991 ± 0.0032
11772920 0.852 ± 0.013 1.229 ± 0.382 0.853 ± 0.006 9.211 ± 0.936 2.015 ± 0.311 1.0006 ± 0.0039
12009504 1.153 ± 0.028 1.302 ± 0.246 1.386 ± 0.013 4.334 ± 0.404 4.125 ± 0.632 0.9963 ± 0.0028
12069127 1.625 ± 0.009 2.132 ± 0.118 2.291 ± 0.007 1.737 ± 0.047 8.655 ± 0.249 0.9971 ± 0.0031
12069424 1.035 ± 0.009 1.690 ± 0.013 1.200 ± 0.007 7.333 ± 0.331 2.929 ± 0.161 0.9889 ± 0.0047
12069449 0.990 ± 0.018 1.600 ± 0.150 1.089 ± 0.012 7.683 ± 0.497 2.588 ± 0.051 0.9899 ± 0.0074
12258514 1.177 ± 0.012 1.800 ± 0.191 1.558 ± 0.011 5.260 ± 0.221 3.717 ± 0.412 0.9914 ± 0.0066
12317678 1.405 ± 0.012 1.098 ± 0.068 1.823 ± 0.006 2.123 ± 0.065 4.835 ± 0.853 1.0004 ± 0.0034
Sun 0.993 ± 0.010 1.350 ± 0.001 0.996 ± 0.007 4.742 ± 0.348 2.407 ± 0.113 1.0000 ± 0.0058
Figure 6. Relative surface corrections, and their uncertainties, at νmax as a function of effective temperature for the LEGACY sample: (a) using the power-law
correction, (b) the cubic method and (c) the inverse-cubic term method. Temperatures and uncertainties are from Lund et al. (2017).
discussed in their corresponding subsections below. Throughout our
discussion, we will show the details of the surface correction for the
two stars first shown in Fig. 1, KIC 4914923 and KIC 12317678.
Note that we will be using the frequencies from the best-fitting
scaled model (the model with the greatest total likelihood) in our
comparison of these two stars. These two stars would traditionally
be classified as simple and F-like, respectively (see Appourchaux
et al. 2012).
5.2.1 Power-law results
The results for the power-law correction in Fig. 7 a show a strong
correlation between temperature and the amount of relative surface
correction at νmax. Specifically, we observed the greatest correction
at approximately solar temperature, with the correction decreasing
for hotter stars. Interestingly, the surface correction appears to de-
crease for stars cooler than the Sun, although the sample size is
small. We are not able to suggest a physical reason for observing a
maximum in the amount of surface correction at solar temperature.
An example of a hotter star with negligible surface correction, KIC
12317678, is shown in Fig. 8b, which agrees with the analysis of
the F star Procyon by Bedding et al. (2010), where they fitted a
model with no surface correction to the observed frequencies using
a particular mode identification scenario. No trend cannot be seen
as a function of surface gravity, shown in Fig. 7a.
For the most Sun-like stars in our sample, the results from our
pipeline do not agree with the work done by Kjeldsen et al. (2008).
The magnitude of our correction was greater than their analysis
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Figure 7. Same as Fig. 7 but as a function of surface gravity. Surface gravities and uncertainties were calculated using the weighted mean from our models.
between the Sun’s mode frequencies and Model S (Christensen-
Dalsgaard et al. 1996). Additionally, we notice an upturn in the
residuals towards higher frequencies when using the power-law
method (see Fig. 8a for an example of a Sun-like star). This feature
is present in the results of most stars in our sample, and can be
seen in our hotter star example shown in Fig. 8b. In our analysis,
decreasing the exponent in the power-law correction star improved
the fit, but also increased the magnitude of the correction to an im-
plausible amount. This contradicts the analysis by Kjeldsen et al.
(2008), who found a greater value of b  4.8 to be the most suit-
able. Presumably, the differing physics between our grid of models
and Model S can explain the difference between the corrections
amounts. In Section 5.2.3, we will revisit the power-law correction
and use the results for the cubic correction to estimate new and
varying exponents to use for a power-law correction.
5.2.2 Cubic results
The addition of mode inertia in the surface correction makes a
number of subtle yet important changes to the correction, without a
significant change in the calculated stellar parameters. The inclusion
of the mode inertia improved the likelihood () for all stars despite
having the same number of free parameters as the pure power-law
method. The relative surface correction at νmax as a function of both
effective temperature and log (g), shown in Figs 6 b and 7b, shows
a flatter trend than the power-law equivalent. In general, the magni-
tude of correction increases for the hotter stars, and decreases for the
cooler stars compared to the power-law correction. Implementing
the mode inertia into the correction is approximately equivalent to
decreasing the exponent for the hotter stars and increasing it for the
cooler stars, but with the advantage of also improving the overall fit
to the mode frequencies.
Additionally, the profile of the mode inertia (see Fig. 2) introduces
non-linearity to the surface correction, which is more pronounced
in hotter stars. This reduces the upturn we saw with the power-law
correction for the cooler stars. Finally, we observe a decrease in
correction (νcorr) at higher frequencies in the hotter star, shown in
Fig. 8d. However, the residuals still show a slight, but reduced,
upturn.
5.2.3 Power-law revisited
We will now take a detour to investigate a power-law method with
a varied exponent. We attempted this in two ways: making the ex-
ponent a free parameter in our fit, or using the results of the cubic
correction to infer an exponent and applying it to the power-law
correction, while omitting the mode-inertia. Using a free parameter
may seem like a natural choice, however, in conjunction with the
homology scaling it produced unphysical model choices for our
sample of stars. That is, the exponent would tend to make the cor-
rection linear, b  1, giving extremely large frequency corrections
with a scale factor r that would stray far from unity, despite the
implementation of the r-restricting prior. The stellar parameters of
the chosen model for a free parameter fit were outliers compared to
the other correction methods.
The second method we attempted required fitting a two-parameter
power law, like the functional form of equation (6), to the cubic cor-
rection and then to extract the exponent for each star. The resulting
exponents ranged between values we would expect for high- and
low-mass stars. We noticed a strong relationship between the ex-
ponent and other stellar parameters. Therefore, instead of directly
using the exponents we extracted from the cubic correction in the
power-law correction, we constructed a function based on the sur-
face stellar parameters to estimate the exponent, similar to what
Sonoi et al. (2015) did for the parameters in their Lorentzian cor-
rection method. We found that a scaling relation, as a function of
effective temperature and  from equation (1), best described the
fitted exponents. A plot of the exponents as a function of the arbi-
trary scaling relation, along with the scaling parameters, is shown
in Fig. 9.
The fit to the cubic correction suggests that the power-law expo-
nent is strongly related to the stellar parameters. In general, a higher
exponent was found to fit better for the cooler stars in the sample.
This contradicts what we found in Section 5.2.1, but agrees with the
value of the Sun found by Kjeldsen et al. (2008). We used this rela-
tion as input for the exponent of a power-law without mode inertia.
The magnitude of the correction changed only slight improvement
for the cooler stars in the sample and no significant change for the
hotter stars compared to the pure power-law correction method. This
was the result we expected, however, the quality of the fit did not
improve compared to the constant exponent power-law we origi-
nally implemented. This analysis further suggests that non-linearity
of the mode inertia is required to get appropriate fits for all stars in
our sample.
5.2.4 Inverse-cubic results
Finally, the addition of the inverse term produces the most dramatic
changes of all three corrections. Fig. 10 shows that the contribu-
tion of the inverse coefficient term is most noticeable in stars with
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Figure 8. Difference between the observed and modelled frequencies for two stars in the LEGACY sample, KIC 4914923 (left-hand panels) and KIC 12317678
(right-hand panels), before (red/blue symbols, respectively) and after (black symbols) each surface correction. The different symbols represent the different
angular degrees and are the same as in Fig. 1. The coloured lines represent the calculated correction νcorr as a function of frequency. The green diamonds mark
the weighted average correction at νmax and its uncertainty.
lower surface gravity. For the cooler stars, there was little change
compared to the cubic correction for stars with temperatures up to
6000K. This can be seen in our cool star example, Fig. 8e, which is
indistinguishable from the cubic example in Fig. 8c.
The ensemble of stars show a relative surface correction that
overall increases with temperature, shown in Fig. 6c, the oppo-
site of what we observed using the power-law correction. The
divergence in this plot at high temperatures (hotter than 6000K)
implies there are two groups of F stars, which can be separated
at approximately νcorr/νmax = −0.006. We found that the differ-
ences in surface gravity was enough to distinguish between the two
groups. Therefore, the relative surface correction correlated better
with the surface gravity for the inverse-cubic method, shown in
Fig. 7c.
Combining the results from Figs 6 c and 7c, we can visualise
how the surface correction varies with age. Consider any set of ob-
served stars in Fig. 11 which lie near the same model track (black
lines). In general, the relative surface correction increases for the
more evolved stars on any given track. This agrees with the pre-
dicted surface correction from 3D hydrodynamical simulations (see
Trampedach et al. 2017), but only for the inverse-cubic correction.
Fig. 8f shows an example of how the inverse-cubic term performs
the best for the hotter stars, particularly by greatly improving the
fit at high frequencies. As expected, the likelihoods of the inverse-
cubic correction models are exclusively better than the other two
methods for all stars, shown in Fig. 12. However, when we consider
the extra degree of freedom, the goodness of fit of the inverse-cubic
method is only substantially better for 25 stars compared to the
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Figure 9. Results of fitting a power-law to the cubic frequency corrections
νcorr as a function of an arbitrary scaling relation. See the text for details.
Figure 10. Distribution of the coefficients of the inverse-cubic surface cor-
rection for the LEGACY sample taken from the best-fitting model. The
colour represents the surface gravity for the chosen model, calculated using
the weighted average of the models (see the text).
Figure 11. Hertzsprung–Russell diagram of our sample, with colour of
the symbols corresponding the relative surface correction at νmax for the
inverse-cubic results. The triangle symbol represents the Sun. The black
lines are our stellar evolution models of differing mass at solar-metallicity
calculated using the method outlined in 3.2.
Figure 12. Logarithmic likelihood ratio between inverse-cubic method and
the power-law (red) or cubic (blue) method. The dashed line represents the
difference in logarithmic likelihood required such that likelihood ratio test is
significant and p < 0.05, due to additional degree of freedom in the inverse-
cubic method. The y-axis is ordered by the surface gravity from the results
of the inverse-cubic method (bottom is low surface gravity).
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power-law method and 7 stars for the cubic method, at a critical
value of p < 0.05.
5.3 Discussion
In general, more massive and evolved stars in our sample were
more likely to have larger uncertainties due to the degeneracies
around the end of main-sequence ‘hook’. The model tracks in the
top left-hand side of Figs 3 and 11 show how a star with a given
metallicity, temperature, and νmax can be described by multiple
masses. It was difficult to refine the fit for stars in this regime.
The introduction of the scale factor r and then the additional free
parameter in the inverse-cubic correction allowed relatively good
fits to a wider range of models. For a number stars when using the
inverse-cubic correction, this greatly increased the uncertainties of
the stellar and correction parameters, and can clearly be seen for
a number of stars in Figs 6c and 7c. This was the only downside
the two-term fit had over the other methods we tried. Stronger
constraints on the stellar parameters would reduce the ambiguity.
However, this would have required another independent method of
measurement, such as stellar radii from interferometry (e.g. White
et al. 2013).
The residuals, νobs − (rνmod + νcorr), for a number of stars in our
results showed a clear correlated scatter due to the assumption we
made about the helium abundance in our models. For these stars,
the enrichment law, equation (11), was not a good estimation of
the stellar composition. The use of the metallicity likelihood, equa-
tion (15), ensured that the modelled iron abundance was fit better
to the observations than the helium abundance. Oscillation mode
frequencies in solar-like stars are affected by the helium abundance
which, in conjunction with the effective temperature, determines
the depth of helium ionisation zone (see Verma et al. 2014, 2017).
This leads to acoustic glitches that appear as sinusoidal variations in
the asymptotic relation, for example Fig. 1b. Fitting modelled fre-
quencies to this curvature, for all angular degrees, would require an
accurate composition for all elements in the model. Our model grid
cannot easily remedy this problem without increasing the number
of dimensions.
Our definition of the surface correction at νmax does not fully
capture the difference between the observed and model pulsation
frequencies for cases where the correction does not monotonically
decrease, for example Fig. 8f. However, we found no scalar that
could better characterize the profile of the surface correction. While
our analysis shows a strong correlation between the surface gravity
and the relative surface correction at νmax, a better metric should be
found that describes the non-linearity of these corrections.
6 C O N C L U S I O N S
We created a pipeline that was able to fit observed pulsation fre-
quencies to a model grid using an empirically calculated surface
correction. The model grid was created using MESA, parameterized
by mass, metallicity and age, with pulsation frequencies calcu-
lated using GYRE. The pipeline was used to determine the stellar
and surface correction parameters for 66 observed main-sequence
solar-like oscillators stars from Kepleras well as the Sun. The re-
sulting stellar parameters for all three surface correction methods
agreed well with an independent pipeline. However, the results for
each surface correction from our pipeline were much more similar
to each other than the results from the BASTA pipeline. This sug-
gested that choice of adopted physics has a greater impact than the
choice of surface correction. Applying a scale factor r to the cubic
and inverse-cubic surface corrections allowed for easy interpolation
between models and improved the robustness of our fits.
We found that including mode inertia in the surface correction
always improved the frequency fit to the models without including
another free parameter. The inverse term greatly improved the fit
to the models for the more evolved stars without much change
to the Sun-like stars. Therefore, the cubic term still dominated the
correction for the Sun-like stars while the contribution of the inverse
term becomes much more significant for older stars. This resulted
in a larger relative correction for lower surface gravity stars, when
using the inverse-cubic method. This agrees with the results found
using 3D hydrodynamical simulations.
However, including another free parameter occasionally caused
over-fitting for a small number of stars, greatly increasing the un-
certainty of the surface correction for a small number of stars in our
sample. Despite this, the inverse-cubic correction best describes
the discrepancy between observed and model pulsation frequencies
for all main-sequence stars. The surface correction can be used to
constrain a stellar model because we have shown the correction
correlates with the fundamental stellar parameters. We recommend
using the inverse-cubic method to empirically correct for near sur-
face effects for 1D stellar evolution models.
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Chapter 5
Asteroseismology of F-type Stars
The previous chapter mentioned the difficulty of performing asteroseismology on F
stars due to their short mode lifetimes. Not only does this lead to greater frequency
uncertainties, but the mode identification can become ambiguous. White et al.
(2012) solved the mode identification problem using the  – Teff relation in main-
sequence solar-like oscillators. However, to find a model that accurately describes
the fundamental properties of a given star, the mode frequencies are still required.
Individual frequencies have been measured in the power spectrum of ‘F-like’ stars
(e.g Lund et al. 2017). However, the blended l = 0, 2 ridge often means that the
individual modes cannot be reliably measured in many cases. This was seen in a
number of F stars observed by CoRoT, where there was ambiguity in the mode
identification (e.g. Appourchaux et al. 2008; Benomar et al. 2009; Barban et al.
2009; Gaulme et al. 2009). Even after the correct mode identification was found for
these stars, fitting a model that accurately described the observed mode frequencies
was challenging. Bedding et al. (2010a) suggested that the unresolved ridge centroids
could be used to perform asteroseismology, since they reflect the underlying mode
frequencies. Figure 5.1 shows the centroid frequencies (calculated by Bedding et al.
2010a) superimposed over an e´chelle diagram of Procyon.
The goal of this chapter was to investigate asteroseismic techniques when the
radial and quadrupole modes cannot be clearly resolved in the power spectrum.
Specifically, the methods described in the previous chapter were modified to use
the even-degree ridge centroid frequencies to calculate fundamental stellar parame-
ters. Once again, the LEGACY sample (Lund et al. 2017) was adopted to perform
the analysis. This was also an opportunity to analyse non-LEGACY F stars. The
aforementioned Procyon and θ Cyg were included, as well as two stars observed by
CoRoT: HD 49933 and HD 181420. The ‘simple’ stars were included in this analy-
sis by artificially degrading their power spectra, such that the l = 0, 2 modes were
unresolved. I used an MCMC peak-bagging routine to find the centroid frequencies
for the even- and odd-degree ridges for the 70 stars in our sample. The approach
outlined in Chapter 4 was modified to allow for the even-degree centroid frequencies
to be fit to the same grid of models with the Ball and Gizon (2014) surface correc-
tion. This was achieved by estimating a modelled centroid frequency using a linear
combination of the underlying radial and quadrupole frequencies (see Appendix B
of Bedding et al. 2010a).
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Figure 5.1: E´chelle diagram of Procyon. The greyscale contours represent the
oscillation power. The symbols denote the frequency of the calculated ridge cen-
troids. Image taken from Bedding et al. (2010a).
This paper was written in consultation my supervisors, Tim Bedding and Dennis
Stello. Rafael Garc´ıa provided power spectra for the two CoRoT stars considered
in this analysis. Aleksa Sarai created a time series and power spectrum for θ Cyg
using all possible quarters from various Kepler data releases. The paper has just
been published by the Monthly Notices of the Royal Astronomical Society at the
time of this thesis submission. Appendix C contains the calculated stellar and
surface correction parameters using the method outlined in the chapter.
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ABSTRACT
Asteroseismology is a powerful way of determining stellar parameters and properties of stars
like the Sun. However, main-sequence F-type stars exhibit short mode lifetimes relative to their
oscillation frequency, resulting in overlapping radial and quadrupole modes. The goal of this
paper is to use the blended modes for asteroseismology in place of the individual separable
modes. We used a peak-bagging method to measure the centroids of radial-quadrupole pairs
for 66 stars from the Kepler LEGACY sample, as well as θ Cyg, HD 49933, HD 181420, and
Procyon. We used the relative quadrupole-mode visibility to estimate a theoretical centroid
frequency from a grid of stellar oscillationmodels. The observed centroids werematched to the
modelled centroids with empirical surface correction to calculate stellar parameters. We find
that the stellar parameters returned using this approach agree with the results using individual
mode frequencies for stars, where those are available.We conclude that the unresolved centroid
frequencies can be used to perform asteroseismology with an accuracy similar to that based
on individual mode frequencies.
Key words: asteroseismology – stars: oscillations – stars: fundamental parameters.
1 INTRODUCTION
The stellar light curves produced from the Kepler mission (Koch
et al. 2010; Borucki et al. 2010) have given an unprecedented insight
into the physical properties of solar-like oscillating stars. A number
of studies have analysed Kepler light curves and shown that ensem-
ble analysis of main-sequence solar-like oscillators is possible (e.g.
Appourchaux et al. 2012; Metcalfe et al. 2014; Lund et al. 2017;
Silva Aguirre et al. 2017). Future space photometric missions, as
well as ground-based spectroscopic observations, will increase the
number of possible targets. This papers aims to approach one of the
most challenging types of solar-like oscillators, the main-sequence
F stars. These stars have large line widths, which makes mode iden-
tification diﬃcult (see White et al. 2012, and references therein).
The oscillation frequencies of solar-like main-sequence stars
approximately follow an asymptotic relation (see Shibahashi 1979;
Tassoul 1980):
νn,l ≃ ∆ν (n + l/2 + ϵ) + δν0,l, (1)
where∆ν is the large separation, n is the radial order, l is the angular
degree, ϵ is a dimensionless oﬀset, and δν0,l is the small frequency
separation between modes of diﬀerent angular degree with respect
to the radial modes. Even in the absence of rotational splitting (e.g.
Gizon & Solanki 2003) radial and quadrupole modes cannot be
⋆ E-mail: d.compton@physics.usyd.edu.au
resolved if the δν0,2 small separation is similar in frequency to the
mode line widths. The full-width at half-maximum (FWHM) of the
mode is dependent on the damping and is given by
Γ =
1
piτ
, (2)
where τ is the mode lifetime. Solar-like oscillators in which the ra-
dial and quadrupole modes cannot easily be resolved are known as
‘F-like’, while unambiguous stars are called ‘simple’ (see Appour-
chaux et al. 2012). Fig. 1 shows two examples of échelle diagrams.
Due to the unresolved radial and quadrupole modes in F stars,
the possibility of accurate asteroseismology is limited. Bedding
et al. (2010) led a multi-site campaign to observe the F4.5 star Pro-
cyon and identified oscillation modes in the power spectrum. They
suggested that the mode centroids could still be used to do useful as-
teroseismology. The CoRoT space telescope (Auvergne et al. 2009)
also observed a number of F stars including HD 49933 (HR 2530),
but unresolved modes hindered analysis (see Appourchaux et al.
2008; Benomar et al. 2009).
The high-quality Kepler data has since been used to observe
individual mode frequencies on some F stars. Guzik et al. (2016)
measured the oscillation frequencies and compare them to stellar
models for the brightest F star in the Kepler field, θ Cygni, using
2 quarters of data. Lund et al. (2017) also reported individual fre-
quencies of 22main-sequence F-like stars included in their so-called
LEGACY sample. However, the blended modes make it diﬃcult to
© 2019 The Authors
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Figure 1. The upper panels shows the power spectra échelle diagrams of twoKepler stars, classified as ‘simple’ (a, KIC 7510397) and ‘F-like’ (b, KIC 3632418).
The greyscale contour represents the Gaussian smoothed (FWHM=0.1∆ν) power. The ridges of the l=0, 1, 2 modes are represented by the red, green, and
blue lines, respectively. The purple line indicates the centroid of the unresolved l=0, 2 modes. The dashed orange line is the midpoint in frequency between
sequential l=0 (a) or l=even (b) radial orders. The lower panels are the collapsed power sum of the upper panels. The red dotted lines represent the value of
∆ν(ϵ − 1) for each star.
be confident that radial and quadrupole modes have been measured
realiably in all cases.
We investigate ways to analyse solar-like oscillating F type
stars using stellar light curves. The goal of this paper is to confirm
the suggestion by Bedding et al. (2010) that the unresolved l=0, 2
pairs of modes can be useful for asteroseismology. Using theKepler
LEGACY stars, we extract the centroid frequencies from modified
power spectra (‘simple’ stars made ‘F-like’) and calculate stellar
and surface correction parameters using the approach of Compton
et al. (2018). We also revisit a number of non-LEGACY F stars,
namely Procyon, HD 49933, HD 181420, and θ Cyg, using the
same methodology to further test the viability of the centroids as
seismic probes.
2 DATA
The bulk of our sample was taken from theKepler LEGACY sample
(Lund et al. 2017; Silva Aguirre et al. 2017), which consisted of
22 main-sequence F-like and 44 simple stars that had at least 12
months of short cadence data. Fig. 2 shows their distribution in
the H-R diagram. The boundary between simple and F-like is not
quite clearly defined in Fig. 2. However, there appear to be well
defined boundaries, shown in Fig. 3, when comparing the δν0,2
small separation to the mode line width Γ (with the exception of
Procyon, see Bedding et al. 2010), as well as the the quality factor
defined by:
Qmax =
νmax
Γmax
, (3)
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Figure 2. Hertzsprung-Russell (H-R) diagram of the LEGACY stars (cir-
cles), four other stars in our sample (grey diamonds), and the Sun (⊙).
The open and closed circles represent simple and F-like LEGACY stars,
respectively. The solid black lines represent the model tracks calculated by
Compton et al. (2018). The black dash-dotted line indicate the approximate
location of the zero-age main sequence. The red dashed line is the cooler
boundary to the classical instability strip (see Saio & Gautschy 1998).
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where νmax is the frequency of maximum power and Γmax is the
mode line width at νmax.
The power spectra for theLEGACYsamplewere obtained from
the Kepler Asteroseismic Science Operations Center (KASOC;
Handberg & Lund 2014). In general, temperatures and metallici-
ties were adopted from the Stellar Parameters Classification (SPC)
tool (see Buchhave et al. 2012). For a small number of stars, tem-
peratures and metallicities were from one of the following: Ramírez
et al. (2009); Huber et al. (2013); Casagrande et al. (2014); Chaplin
et al. (2014); Pinsonneault et al. (2012) (see Table 1 from Lund
et al. 2017, for details). We considered diﬀerent eﬀective temper-
atures of two the LEGACY stars compared to Lund et al. (2017)
(see Compton et al. 2018, for additional details). Our analysis also
included four other F stars: the Kepler target θ Cyg, the CoRoT
targets HD 49933 and HD 181420, and Procyon. For Procyon we
considered both mode identification scenarios.
For θ Cyg, Guzik et al. (2016) extracted the light curve using a
custom aperture, and calculated the mode frequencies using Quar-
ters 6 and 8. In our calculation we considered all available Kepler
Quarters (Q6, 8, 12 – 17). We noticed a clear diﬀerence in qual-
ity between various data releases of the same quarter. Therefore,
the data for each quarter was taken from the Kepler data releases
which provided the highest oscillation signal-to-noise. Additionally,
a manual inspection of each quarter lead to the removal of a number
of segments that had greater rms scatter than the rest of light curve.
Therefore, the first and last 20 days of Q6, the last 20 days of Q12,
and the entire Q16 were excluded in the final light curve of θ Cyg.
Two F stars observed by CoRoT, HD 49933 and HD 181420,
were included in this work. HD 49933 is one of the few stars to have
an observed oscillation spectrum from ground-based data (Mosser
et al. 2005). Appourchaux et al. (2008) calculated themode frequen-
cies from a 60 day CoRoT light curve of HD 49933, however, their
analysis favoured what is now believed to be the incorrect mode
classification scenario. This was rectified by Benomar et al. (2009),
who reanalysed a 180 day light curve of HD 49933 and determined
the correct angular degree classification. It has since been one of
the most studied F stars in asteroseismology (e.g. Kallinger et al.
2010; Salabert et al. 2011; Mazumdar et al. 2012; Liu et al. 2014).
HD 181420 has also been studied a number of times (see Barban
et al. 2009; Gaulme et al. 2009; Ozel et al. 2013; Hekker & Ball
2014). For the analysis of HD 181420, neither scenario was clearly
preferred based on the fit of the models to the observed data. How-
ever, the correct mode classification has since been clarified (see
Bedding & Kjeldsen 2010; White et al. 2012).
The final star we considered, Procyon, was the first star to have
an observed power excess due to the solar-like oscillations, other
than the Sun (Brown et al. 1991). The oscillations of Procyon have
been observed a number of other times (e.g. Martić et al. 1999;
Bruntt et al. 2005; Huber et al. 2011), but all these studies were
unable to resolve individual mode frequencies. We considered data
of Procyon from a three week ground-based multi-site campaign
(see Arentoft et al. 2008; Bedding et al. 2010). Bedding et al. (2010)
extracted individual mode frequencies from the observed radial
velocity data and noted an ambiguity in themode identification, with
a preference for Scenario B over Scenario A. White et al. (2012)
used the relationship between ϵ and Teﬀ to suggest that Scenario
B provided the preferred mode classification. However, Guenther
et al. (2014) matched their stellar models more consistently with
Scenario A. Note that, Procyon is orbited by a white dwarf in a
wide binary, therefore, the mass is well constrained (e.g., see Girard
et al. 2000; Liebert et al. 2013; Bond et al. 2015).
3 METHODOLOGY
For each star, the background noise was corrected from the observed
power spectrum. The centroid frequencies for the even- and odd-
degree ridgeswere extracted using anMCMCpeak-bagging routine.
Wemodified and extended the approach by Compton et al. (2018) to
calculate the asteroseismic and stellar parameters using the centroid
frequencies.
3.1 Background correction
The noise profile was estimated by minimising χ2 with 2 degrees of
freedom between a two-termed Harvey function (see Harvey et al.
1993; Karoﬀ 2008) plus a white noise oﬀset and the entire observed
power spectrum, given by:
H =W + 4
N=2∑
i
Γiτi
1 + (2piντi)2 + (2piντi)4
, (4)
whereW is a white noise constant parameter, and Γi and τi are the
two components for each term in the function. The power spectrum
was then divided by the fitted noise profile to determine the back-
ground corrected power spectrum. As an example, Fig. 4 shows the
raw and corrected power-spectrum of θ Cyg, as well as the fitted
noise model and its components.
3.2 Centroid fitting
To make a comparison with methods using individual frequencies,
we used the same set of modes that were originally extracted from
these stars. Therefore, we only considered the radial orders for the
even- and odd-degree centroids where the l=0 and l=1 modes, re-
spectively, were measured by their respective sources. For example,
Guzik et al. (2016) reported 39 radial and dipole modes in θ Cyg,
therefore we extracted 39 centroid frequencies from the power spec-
trum.
To increase our sample of stars with unresolved l=0, 2 pairs,
we degraded the power spectra of the simple stars to simulate F-like
stars. Each power spectrum was convolved with a Gaussian kernel
with a FWHM of 0.1∆ν, which approximately corresponds to the
minimum width (highest quality factor) of the F-like stars in the
LEGACY sample, shown in Fig. 3. To be consistent, every F-like
star was also treated with this smoothing process.
Each mode centroid was measured using a Markov Chain
Monte Carlo (MCMC) routine that sampled a one-dimensional
Lorentzian function, given by:
Ln,l(ν) =
A
(
1
2Γ
)2
(ν − νn,l)2 +
(
1
2Γ
)2 + 1, (5)
where A is the height of the mode, νn,l is the centroid frequency
at radial order n and angular degree l (either even l = 0 or odd
l = 1), and Γ is the line width FWHM. Note that the +1 term in
Eq. 5 represents the average level of the noise contribution after
background correction.
We assumed that the smoothed power spectrum stills follows
the statistics of a χ2 with 2 degrees of freedom. The logarithm
of the likelihood function (see Duvall & Harvey 1986; Anderson
et al. 1990; Toutain & Appourchaux 1994) is the sum of the log
probabilities across all frequency bins νi , given by:
lnL(n, l) = −
∑
i
[
ln Ln,l(νi) + P(νi)Ln,l(νi)
]
, (6)
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Figure 4. Oscillation power spectrum of θ Cyg. The grey distribution is
the raw power spectrum, and the red line is a Gaussian smoothed version
with a FWHM= 0.1∆ν. The black vertical dotted lines in the top panel (a)
indicate the region of the observable oscillations and the frequency range of
the lower panel (b). The green solid lines represent the components of the
background noise fit defined in Eq. 4, and the blue dashed line is the sum of
the components H. The lower panel (b) shows a close-up of the oscillation
modes in the power spectrum after background correction.
where P is the power of the observed spectrum after smoothing and
background correction.
Priors were imposed on the free parameters to ensure that they
sampled the correct parameter space. Amplitude and line width
were trivially bound with uniform priors, 0 < A < max (P) and
0 < Γ < ∆ν/2, respectively. A simplified version of the asymptotic
relation, Eq. 1, was used to bound the centroid frequency νn,l∆ν − (n + ϵ + l2 ) < 12 . (7)
We neglected rotational splitting of the non-radial modes, since the
contribution the non-zero azimuthal components would alter mode
profile symmetrically and not aﬀect the centroid frequency.
The values of ∆ν and ϵ used in our analysis were taken from
the same publications as their respective mode frequencies. For
completeness, we note that the values for ∆ν and ϵ , for use in Eq. 7,
can be measured from the power spectrum without the knowledge
of individually resolved frequencies. ∆ν can be found using an
autocorrelation of the power spectrum (e.g. Huber et al. 2009), and
ϵ can be estimated by solving the asymptotic relation using ∆ν and
a few individual centroid frequencies. Note that the uncertainty of ϵ
can be large (±25%) because of the wide frequency range of Eq. 7.
The only requirement is that the frequency range is narrow enough
to include power from either the radial or dipole mode, and not both.
We used the aﬃne invariant MCMC code emcee, written by
Foreman-Mackey et al. (2013), to sample Eq. 6, which included
three free parameters: ν, A, and Γ.We used 200 chains, each sampled
1000 times and initialized at a uniformly distributed value within
the parameter space described by the aforementioned priors. Once
the sampling was completed, the first 100 samples were discarded
to remove some of the burn-in. The median of each sample was
used as the final estimation of each parameter. The uncertainty of
each parameter was given by the interval spanning 68.27% of the
highest probability density.
3.3 Model fitting
We used a similar model fitting technique to that outlined by Comp-
ton et al. (2018). The same model grid, calculated using MESA (re-
vision 9793, Paxton et al. 2011, 2013, 2015) and GYRE (Townsend
& Teitler 2013), was used as the basis of our stellar models. The
inverse-cubic surface correction (Ball & Gizon 2014) was used to
empirically correct the mode frequencies for near surface eﬀects.
MNRAS 000, 1–11 (2019)
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This included a homology scale factor r to the mode frequencies
(see Kjeldsen et al. 2008b) to increases the robustness of the fit.
Tomatch the observed data to the models, we adopted the same
assumption on the centroid frequency as Bedding et al. (2010). That
is, we assumed there was a negligible contribution of power from
the l=3modes, and took the odd-degree centroid as the dipole-mode
frequencies. The even-ridge centroid frequencies were modelled as
a linear combination of the underlying frequencies:
νn,even = ηνn,0 + (1 − η)νn−1,2, (8)
where η is the weight of the radial-mode contribution, which is pri-
marily dependent on the power ratios of the corresponding modes.
We assumed that the power distribution for each individual mode
was symmetrical in frequency. Hence, for a pair of adjacent l=0 and
2 modes η can be described as a function of mode visibility:
η ≃ 1
V˜22 + 1
, (9)
where V˜2 is the visibility ratio between the radial and quadrupole
modes.
Bedding et al. (2010) suggested a value of η=0.66 for a star
like Procyon if it were observed with Kepler, based on the results
by Kjeldsen et al. (2008a). Furthermore, Ballot et al. (2011) calcu-
lated theoretical non-radial visibility ratios for the Kepler bandpass
considering a range of stellar parameters. They found a narrow
range of possible visibility ratios for main-sequence solar-like os-
cillators. To avoid increasing the dimensionality of our grid, we
considered a constant visibility ratio for our analysis. We calculated
η by comparing the individual mode frequencies from each Kepler
LEGACY star with the corresponding even-degree unresolved cen-
troid frequencies νn,even using a linear regression of a rearranged
version of Eq. 8:
νn,even − νn−1,2 = η(νn,0 − νn−1,2). (10)
That is, we compared the oﬀset between the even-ridge centroid
and published l=2 frequency for each mode with the δν0,2 small
separation. The results, shown in Fig. 5, show a strong correlation
between the two sides of Eq. 10. Most of the outlier even-ridge
centroid frequencies originate from the simple stars, seen in Fig. 5,
where there is no ambiguity inmode identification and the frequency
can be accurately measured. This is primarily the result of our
peak-bagging method failing to accurately measure the centroid
frequency, particularly for stars with low signal-to-noise modes.
We found that the contribution of the radial mode to the cen-
troid frequencies η=0.628 ± 0.003 was less than expected from
theory. This value was used to estimate a theoretical centroid fre-
quency when fitting the observed centroid frequencies to the stellar
models (see Sec. 4). Additionally, the value of η did not change
significantly when we fit the modes from simple and F-like stars
separately (blue and red lines in Fig. 5). Furthermore, the value of η
needs only to be as precise as the uncertainty of the mode frequen-
cies. We found in our analysis that using slightly diﬀerent values of
η (such as η = 0.701 suggested by Bedding et al. 2010) produced
insignificantly diﬀerent results.
While we used a constant value of η throughout this analysis,
an exception was made for Procyon, because radial velocity data
(the data source for this star) produces diﬀerent mode visibilities.
We adopted the value of η=0.49 suggested by Bedding et al. (2010)
based on the work by Kjeldsen et al. (2008a) for Procyon.
The remainder of ourmethod follows the Compton et al. (2018)
approach to return the stellar parameters for each of the stars in the
sample. This included the application of surface correction when
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simple and F-like stars, respectively. The individual l=0 and 2 where taken
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fitting the measured centroid and model frequencies. We assumed
that there is a negligible diﬀerence between the surface correction
of centroid frequencies compared to that of the underlying mode
frequencies.
4 RESULTS
We split the results into four subsections. Firstly, we continue
analysing the results from the centroid peak-bagging. Next we com-
pare the stellar and surface correction parameters returned from the
ridge centroidmethod to the results based on individual frequencies.
Thirdly, we present a series of results on the centroid analysis to
further show how the ridge centroid can be used. Finally, we discuss
the four non-LEGACY stars.
4.1 Peak-bagging results
To check the validity of our peak-bagging analysis we compared
the dipole modes, measured by Lund et al. (2017), with the odd-
ridge centroid frequencies, which we assumed to be equivalent.
Fig. 6 shows the frequency diﬀerence as a function of dipole-mode
frequency divided by the stars’ corresponding value of νmax. Modes
with a strong disagreement were manually inspected and found to
have low signal-to-noise, putting them under a detectable threshold
for our peak-bagging method. Modes from the simple stars were
more likely to disagree than the F-like stars because the artificial
broadening of themodes had a greater impact on their power spectra.
The outlier modes, including the ones seen in Fig. 5, were included
in further analysis.
We also compared the frequency uncertainties with those cal-
culated by Lund et al. (2017), shown in Fig. 7. As expected, the
eﬀect of smoothing the power spectra inflates the frequency uncer-
tainties. In general, the uncertainties between the two peak-bagging
methods correlate well for the F-like stars. A number of modes have
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Figure 6. Diﬀerences between the measured odd-degree centroid frequen-
cies and the l=1 mode frequencies published by Lund et al. (2017), plotted
as a function of dipole-mode frequency normalized by νmax. The white and
grey colouring denotes the simple and F-like stars, respectively. The dotted
line marks a diﬀerence of zero.
uncertainties many times above the LEGACY value, which sug-
gests the fit did not converge for these modes. The modes with large
frequency uncertainties are, once again, dominated by the simple
stars.
4.2 Mode visibility analysis
We estimated quadrupole-mode visibilities for each star using the
centroid frequencies relative to the underlying l=0, 2 frequencies.
This required fitting Eq. 10 to find η and converting to a visibility
using Eq. 9 for each star.We compared these values to the visibilities
calculated by Lund et al. (2017), shown in Fig. 8. There is a good
correlation between the two sets of values, particularly for themodes
with higher-amplitude modes.
Our chosen of η was similar to theoretical values calculated
using limb-darkening models (see Ballot et al. 2011), but the visi-
bilities of the individual stars, shown in Fig. 8, mostly lie outside of
the range predicted by Ballot et al. (2011). Lund et al. (2017) gave
a number of reasons for this discrepancy which also apply to our
work. They also suggested not to assume a fixed visibility in peak-
bagging exercises. However, treating η as a free parameter would
be equivalent to adding a constant term to the surface correction,
which would likely cause over-fitting. Creating a function that gen-
erates η based on fundamental stellar parameters may be possible.
However, as mentioned by Lund et al. (2017), the mode visibilities
correlate poorly with the fundamental stellar parameters. Therefore,
we assumed a constant value of η based on the fit of Eq. 10 to the
LEGACY stars, shown in Fig. 5. In general, this assumption held
better for the stars with smaller δν0,2, that is, the F stars.
Note that our value of η was based on the LEGACY frequen-
cies, therefore, we expected correlation between η and V˜ , shown in
Fig 8. The visibilities calculated by Lund et al. (2017) were based
on the relative heights of the modes, whereas ours were calculated
under the assumption that the power distribution of the modes was
symmetrical. However, the work by Benomar et al. (2018) may
suggest that this assumption is poor, particularly for the higher fre-
quency modes in a given star. An asymmetric mode will shift the
ridge centroid relative to the skewness of the asymmetry. Benomar
et al. (2018) did not consider the asymmetry of the modes in F-like
stars, where the modes could not be resolved. It should be possible
to look for asymmetry in the odd-ridge because the contribution in
power should be dominated by the dipole mode.
4.3 Stellar and surface correction analysis
Fig. 9 shows the absolute diﬀerences for the mass, radius, age, and
relative surface correction at νmax between results based on the
ridge centroids and those based on the individual frequencies using
the Compton et al. (2018) approach. Our analysis includes both
scenarios for Procyon. In general, the methods produced similar
results for most stars.
The variance of the diﬀerences is similar to the analysis by
Compton et al. (2018), where we compared them the BASTA pipeline
(Silva Aguirre et al. 2015) (see Fig. 4 of Compton et al. 2018). In
general, the mass is slightly underestimated for the ridge centroid
method, particularly for the simple stars. The calculated stellar ages
agree well for the F-like stars between the two methods. In general,
the ages of the simple stars are overestimated, up to a factor of ∼2,
and are less precise overall.
There is a clear diﬀerence between the surface correction pa-
rameters for the two sets of results. In general, the F-like stars have a
smaller correction under the ridge centroid method, while many of
the simple stars have a larger magnitude of correction. This makes
the relative surface correction at νmax, νcorr(νmax)/νmax, more of a
constant across the sample of stars compared the results found by
Compton et al. (2018).
4.4 Small separation analysis
We constructed the standard small separation diagrams (often re-
ferred to as C-D diagrams; Christensen-Dalsgaard 2004), shown in
Fig. 10. We introduce a new variant that makes use of the small
‘even-odd’ separation, δνeven,odd (see Bedding et al. 2010). The
equations of the three small separations are:
δν0,2 = νn,0 − νn−1,2, (11)
δν0,1 =
1
2
(νn,0 + νn+1,0) − νn,1, (12)
δνeven,odd =
1
2
(νn,even + νn+1,even) − νn,odd. (13)
The small separations can be calculated from the frequency split-
tings of the ridges shown in Fig. 1. For δν0,2 and δν0,1 we used the
individual mode frequencies from the literature, and for δνeven,odd
we used the centroid frequencies from this work.
Considering the model tracks in Fig. 10, regions where the
tracks are spread widely show where that small separation is a good
indicator of age. Note that stars evolve from right to left along the
tracks. The details of the tracks depend on the chosen value of η, but
do not vary significantly over a range of η values. The δν0,2 small
separation is known to be a good indicator of age for stars with a
wide range of masses. However, it becomes a worse indicator for
more evolved stars. The δν0,1 small separation is a fair indicator for
some values of ∆ν but not others. The δνeven,odd small separation
gives a poor indication of age early in the main-sequence, but for
more evolved main-sequence stars it becomes a better indicator of
age.
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Figure 8. Theoretical quadrupole-mode visibility of the LEGACY stars,
defined by Eq. 9 using the value of η calculated for each star using Eq. 10,
compared to the quadrupole-mode visibility measured by Lund et al. (2017).
The circle and triangle symbols indicate if the star is simple or F-like,
respectively. The colour of each symbol represents the maximum measured
amplitude A of a mode. The shaded region indicates the expected region
of l=2 mode visibilities for main-sequence solar-like oscillators, based on
the models calculated by Ballot et al. (2011). The red dashed line marks the
corresponding chosen value of η = 0.628 calculated from all the LEGACY
modes. The solid black line is equality.
We compared the δνeven,odd separation calculated using the
ridge centroid peak-bagging against the theoretical small ridge sep-
aration. The small ridge separation can be estimated using the con-
ventional small separations and the relative contribution of the re-
spective mode frequencies. Following Bedding et al. (2010) we
have:
δνeven,odd = δν0,1 − (1 − η)δν0,2 + η3δν1,3, (14)
where η3 is the contribution from the l=3 mode in the odd ridge
centroid. η3 can be estimated using the mode visibility of the l=3
mode. Kjeldsen et al. (2008a) calculated a value for η3 of 0.01 for
the Kepler bandpass and 0.11 for radial velocity measurements of
Procyon. We neglected the contribution of the l=3 mode for the
stars observed using photometry. For simplicity, we also assumed
no contribution of the l=3 mode for Procyon, mainly because we
did not calculate modes of angular degree higher than l=2 for the
grid of models. However, the frequency shift due to the l=3 mode
for the radial velocity data is approximately 0.5–1µHz, depending
on the magnitude of the δν1,3 small separation. l=3modes were not
explicitly published for Procyon Scenario A, therefore, δν1,3 was
not calculated for either ridge identifications.
The comparison of the centroid frequency to the small sepa-
ration frequencies using Eq. 14 is shown in Fig. 11. This suggests
that the small ridge separation is a good indicator of stellar age for
more evolved main-sequence stars. Note that the clear outlier in the
bottom right of Fig. 11 is the simple star KIC 8424992. Only seven
radial orders of modes were used for this star, which is significantly
less than the average number.
4.5 θ Cyg
The asteroseismic analysis of θ Cyg by Guzik et al. (2016) used
two short-cadence Kepler Quarters. We applied the Compton et al.
(2018) approach using the mode frequencies published by Guzik
et al. (2016), which returned similar stellar parameters. The ridge
centroid analysis returns a mass (1.37±0.02M⊙) and radius (1.50±
0.01 R⊙) that agree with the independent analysis by White et al.
(2013) (1.37 ± 0.04M⊙ and 1.48 ± 0.02 R⊙).
Compton et al. (2018) showed that the surface correction can
be used as a diagnostic to determine whether the model is a good
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Figure 9. Comparison of the mass (a), radius (b), age (c), and relative surface correction at νmax (d), for the stars in our sample. We plot the absolute diﬀerences
between the results (using the approach of Compton et al. 2018) from the measured centroid frequencies and using the individual frequencies from their
respectively published literature. Diﬀerences are plotted as a function of the latter. The symbols denote simple LEGACY stars (circles), F-like LEGACY stars
(triangles), the non-LEGACY stars (diamonds), Procyon Scenario A (square), and Procyon Scenario B (star). The colour represents the observed eﬀective
temperature of each star, shown in panel (b). The dashed line is the weighted mean of each distribution. The dotted lines is the interval spanning 68.27% (one
sigma) of the data.
fit to the data. However, the value of the relative surface correction
at νmax for θ Cyg disagrees with stars of similar surface gravity
calculated by Compton et al. (2018) when using the individual
mode frequencies ((0.347 ± 0.832) · 10−3). Figure 7 in that paper
suggests that there is expected to be a non-zero surface correc-
tion for θ Cyg (log g ≃ 4.23). The relative surface correction at
νmax slightly improves when using the ridge centroid frequencies
(νcorr(νmax)/νmax = (−1.959 ± 0.745) · 10−3) over the underlying
ones. The reason for the discrepancy in the surface correction is
likely due to inaccurately measured frequencies in θ Cyg by Guzik
et al. (2016). Our even centroid frequencies agree remarkably well
with a number of the radial-mode frequencies measured by Guzik
et al. (2016). This indicates that a significant number of the modes
measured by Guzik et al. (2016) were the unresolved centroid fre-
quencies rather than only radial modes.
4.6 Procyon
For Procyon, Fig. 9 does not show significant diﬀerences in mod-
elled stellar parameters between the ridge centroid and individual
frequencies with the Compton et al. (2018) approach. However, the
stellar parameters of Procyon disagree with the values from the lit-
erature (e.g. Girard et al. 2000; Liebert et al. 2013; Guenther et al.
2014; Bond et al. 2015). For example, the calculated stellar mass of
Procyon Scenario A using the ridge centroid method was estimated
at 1.53 ± 0.01 M⊙ , whereas the Hubble Space Telescope astrom-
etry of Procyon has shown the mass of 1.478 ± 0.012 M⊙ (Bond
et al. 2015). For Procyon Scenario B, the values of stellar mass were
similar to the literature, but the radius (1.98 ± 0.01 R⊙) disagrees
with the radius measured by Aufdenberg et al. (2005) using high-
precision interferometry (2.031±0.013R⊙). For both scenarios, the
surface correction at νmax does not agree with the values calculated
with similar F-type stars.
One explanation is that Procyon is close to the terminal-age
main-sequence, as evident by its position in Fig. 2 (L∼7 L⊙ ,
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Teﬀ∼6500 K), as well as the negative δνeven,odd small separation
in Fig 10. Stars at this stage of evolution can possess mixed modes,
which are coupled p and g modes and exhibit characteristics of both
(see Osaki 1975; Aizenman et al. 1977; Dziembowski & Pamyat-
nykh 1991; Christensen-Dalsgaard 2004; Aerts et al. 2010). Mixed
modes strongly deviate from the asymptotic relation and their fre-
quencies evolve rapidly compared to pure p modes. Therefore, fit-
ting mixed modes to a grid of models is inherently diﬃcult, hence
the possible mixed mode at 446 µHz (Bedding et al. 2010) was
neglected in the analysis. The stars in the LEGACY sample were
specifically chosen to not contain mixed modes, hence, stars with
mixed modes should be omitted for samples like this.
We found that the best way to fit the models to Procyon was to
only consider the radial and dipole mode frequencies measured by
Bedding et al. (2010). This returned a stellarmass of 1.51±0.02M⊙ ,
and a relative surface correction of (−4.0±2.3) ·10−3. Additionally,
the radius R = 2.05 ± 0.01 R⊙ agrees with the radius measured by
Aufdenberg et al. (2005) using high-precision interferometry (R =
2.031 ± 0.013 R⊙). Procyon Scenario B returns an underestimated
mass (1.45 ± 0.01 M⊙) and radius (1.94 ± 0.01 R⊙), as well as
an implausibly large surface correction at νmax of (−34.7 ± 2.7) ·
10−3. Therefore, we suggest that Scenario A is the better fitting
mode identification based on the radial and dipole modes using the
Compton et al. (2018) method. This conclusion agrees with the
asteroseismic analysis of Procyon by Guenther et al. (2014), who
modelled diﬀusion and convective overshoot, but disagrees with
White et al. (2012), who showed that Scenario B fit better to the
ϵ–Teﬀ relation. Upcoming TESS observations (Ricker et al. 2015)
will hopefully give a definitive answer to the mode identification
problem.
4.7 HD 49933 and HD 181420
Finally, we discuss the results of the centroid frequency method
on the two CoRoT stars. The model fit to centroid frequencies of
HD 49933 returned similar results to the individual frequencies
measured by Benomar et al. (2009) under the Compton et al. (2018)
approach. For both methods, the radius agrees with an interfer-
ometric analysis (1.42 ± 0.04 R⊙ , see Bigot et al. 2011). Using
the centroid frequencies, the mass of HD 49933 (1.13 ± 0.07 M⊙)
agrees with the independent analysis by Bruntt (2009), but disagrees
with the asteroseismic analyses by Kallinger et al. (2010) and Liu
et al. (2014), both estimated a mass of ∼1.3 M⊙ but neglected
quadrupole modes in their analysis. Note that Gruberbauer et al.
(2009) and Kallinger et al. (2010) found no evidence of l=2 modes
in the power spectrum of HD 49933. Therefore, the centroid fre-
quency method appears to be a more robust method of calculating
fundamental stellar parameters when the l=0 and 2 modes cannot
be resolved.
For HD 181420, the underlying frequencies (see Barban et al.
2009; Gaulme et al. 2009) performed better than the ridge centroid
frequencies with the Compton et al. (2018) approach. The ridge cen-
troid method produces a slightly underestimated stellar mass with a
large uncertainty (1.27 ± 0.07M⊙) compared to other independent
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analyses (1.3 – 1.45 M⊙ , see Hekker & Ball 2014). Additionally,
the magnitude of the relative surface correction at νmax is more rea-
sonable from the individual mode frequencies ((−4.2± 3.3) · 10−3)
than the ridge centroid frequencies ((3.8 ± 3.2) · 10−3), primarily
because the former is negative.
5 CONCLUSIONS
We calculated the odd- and even-degree centroid frequencies for 66
LEGACY stars, θ Cyg, HD 49933, HD 181420, and Procyon. We
implemented a MCMC routine to measure the centroid frequencies
of ‘F-like’ and artificially degraded ‘simple’ stars. The centroid
frequencies were fitted to a grid of stellar models using a modified
Compton et al. (2018) approach. The surface correction and stellar
parameters, calculated using the centroid frequencies, agreed with
the individual frequencies for all F-like stars and most simple stars,
from the analysis by Compton et al. (2018) and other published
literature. However, the centroid frequency method fails when the
observed or modelled data contains mixed modes, therefore care
must be taken for stars near the terminal-age main-sequence.
Procyon Scenario A was aﬀected by quadrupole mixed modes
and were able to find a model that fit well to Procyon Scenario A
by only considering l=0 and 1 modes published by Bedding et al.
(2010). The resulting stellar parameters agreed with the literature.
In contrast, the fundamental stellar parameters returned for Procyon
Scenario B strongly disagreed with the literature. Furthermore, the
calculated surface correction for ProcyonScenarioBwas an extreme
outlier compared to every other star in our sample. Therefore, we
suggest that Procyon Scenario A is the correct mode identification.
For the other non-LEGACY F stars in our sample, we saw generally
positive results when using the centroid frequency method.
We introduced the δνeven,odd small separation using the odd-
and even-degree ridge centroid frequencies, and found that it is a
good indicator for age for evolvedmain-sequence stars.When fitting
modelled oscillation frequencies to observed data, we encourage
using the centroid frequencies when the l=0, 2 modes cannot be
resolved. This allows some of the power of asteroseismology to be
applied to F stars, despite their short mode lifetimes.
ACKNOWLEDGEMENTS
We thank the referee for helpful comments. This research was sup-
ported by the Australian Research Council. Funding for this project
has been provided by the Group of Eight Australia-Germany Joint
Research Cooperation Scheme. Funding for the Stellar Astrophysics
Centre is provided by the Danish National Research Foundation
(grant agreement no.: DNRF106). The research is supported by the
ASTERISK project (ASTERoseismic Investigations with SONG
and Kepler) funded by the European Research Council (grant agree-
ment no.: 267864).
REFERENCES
Aerts C., Christensen-Dalsgaard J., Kurtz D. W., 2010, Asteroseismology.
Springer Science+Business Media B.V.
Aizenman M., Smeyers P., Weigert A., 1977, A&A, 58, 41
Anderson E. R., Duvall Jr. T. L., Jeﬀeries S. M., 1990, ApJ, 364, 699
Appourchaux T., et al., 2008, A&A, 488, 705
Appourchaux T., et al., 2012, A&A, 543, A54
Arentoft T., et al., 2008, ApJ, 687
Aufdenberg J. P., Ludwig H.-G., Kervella P., 2005, ApJ, 633, 424
Auvergne M., et al., 2009, A&A, 506, 411
Ball W. H., Gizon L., 2014, A&A, 568, A123
Ballot J., Barban C., van’t Veer-Menneret C., 2011, A&A, 531, A124
Barban C., et al., 2009, A&A, 506, 51
Bedding T. R., Kjeldsen H., 2010, Communications in Asteroseismology,
161, 3
Bedding T. R., et al., 2010, ApJ, 713, 935
Benomar O., Appourchaux T., Baudin F., 2009, A&A, 506, 15
Benomar O., et al., 2018, ApJ, 857, 119
Bigot L., et al., 2011, A&A, 534, L3
Bond H. E., et al., 2015, ApJ, 813, 106
Borucki W. J., et al., 2010, ApJ, 713, L126
Brown T. M., Gilliland R. L., Noyes R. W., Ramsey L. W., 1991, ApJ, 368,
599
Bruntt H., 2009, A&A, 506, 235
Bruntt H., Kjeldsen H., Buzasi D. L., Bedding T. R., 2005, ApJ, 633, 440
Buchhave L. A., et al., 2012, Nature, 486, 375
Casagrande L., et al., 2014, ApJ, 787, 110
Chaplin W. J., et al., 2014, ApJS, 210, 1
Christensen-Dalsgaard J., 2004, Sol. Phys., 220, 137
Compton D. L., Bedding T. R., Ball W. H., Stello D., Huber D., White T. R.,
Kjeldsen H., 2018, MNRAS, 479, 4416
Duvall Jr. T. L., Harvey J. W., 1986, in Gough D. O., ed., NATO Advanced
Science Institutes (ASI) Series C Vol. 169, NATO Advanced Science
Institutes (ASI) Series C. pp 105–116
Dziembowski W. A., Pamyatnykh A. A., 1991, A&A, 248, L11
Foreman-Mackey D., Hogg D. W., Lang D., Goodman J., 2013, PASP, 125,
306
Gaulme P., Appourchaux T., Boumier P., 2009, A&A, 506, 7
Girard T. M., et al., 2000, AJ, 119, 2428
Gizon L., Solanki S. K., 2003, ApJ, 589, 1009
Gruberbauer M., Kallinger T., Weiss W. W., Guenther D. B., 2009, A&A,
506, 1043
Guenther D. B., Demarque P., Gruberbauer M., 2014, ApJ, 787, 164
Guzik J. A., et al., 2016, ApJ, 831, 17
Handberg R., Lund M. N., 2014, MNRAS, 445, 2698
Harvey J. W., Duvall Jr. T. L., Jeﬀeries S. M., Pomerantz M. A., 1993, in
Brown T.M., ed., Astronomical Society of the Pacific Conference Series
Vol. 42, GONG 1992. Seismic Investigation of the Sun and Stars. p. 111
Hekker S., Ball W. H., 2014, A&A, 564, A105
Huber D., Stello D., Bedding T. R., ChaplinW. J., Arentoft T., Quirion P.-O.,
Kjeldsen H., 2009, Communications in Asteroseismology, 160, 74
Huber D., et al., 2011, ApJ, 731, 94
Huber D., et al., 2013, ApJ, 767, 127
Kallinger T., Gruberbauer M., Guenther D. B., Fossati L., Weiss W. W.,
2010, A&A, 510, A106
Karoﬀ C., 2008, PhD thesis, Aarhus University, doi:10.5281/zenodo.59825
Kjeldsen H., et al., 2008a, ApJ, 682, 1370
Kjeldsen H., Bedding T. R., Christensen-Dalsgaard J., 2008b, ApJ, 683,
L175
Koch D. G., Borucki W. J., Basri G., Batalha N. M., 2010, ApJ, 713, L79
Liebert J., Fontaine G., Young P. A., Williams K. A., Arnett D., 2013, ApJ,
769
Liu Z., et al., 2014, ApJ, 780, 152
Lund M. N., et al., 2017, ApJ, 835, 172
Martić M., et al., 1999, A&A, 351, 993
Mazumdar A., Michel E., Antia H. M., Deheuvels S., 2012, A&A, 540, A31
Metcalfe T. S., et al., 2014, ApJS, 214, 27
Mosser B., et al., 2005, A&A, 431, L13
Osaki J., 1975, PASJ, 27, 237
Ozel N., et al., 2013, A&A, 558, A79
Paxton B., Bildsten L., Dotter A., Herwig F., Lesaﬀre P., Timmes F., 2011,
ApJS, 192, 3
Paxton B., et al., 2013, ApJS, 208, 4
Paxton B., et al., 2015, ApJS, 220, 15
Pinsonneault M. H., An D., Molenda-Żakowicz J., Chaplin W. J., Metcalfe
T. S., Bruntt H., 2012, ApJS, 199, 30
MNRAS 000, 1–11 (2019)
66 CHAPTER 5. ASTEROSEISMOLOGY OF F-TYPE STARS
Asteroseismology of main-sequence F stars 11
Ramírez I., Meléndez J., Asplund M., 2009, A&A, 508, L17
Ricker G. R., et al., 2015, Journal of Astronomical Telescopes, Instruments,
and Systems, 1, 014003
Saio H., Gautschy A., 1998, ApJ, 498, 360
Salabert D., Régulo C., Ballot J., García R. A., Mathur S., 2011, A&A, 530,
A127
Shibahashi H., 1979, PASJ, 31, 87
Silva Aguirre V., et al., 2015, MNRAS, 452, 2127
Silva Aguirre V., et al., 2017, ApJ, 835, 173
Tassoul M., 1980, ApJS, 43, 469
Toutain T., Appourchaux T., 1994, A&A, 289, 649
Townsend R. H. D., Teitler S. A., 2013, MNRAS, 435, 3406
White T. R., et al., 2012, ApJ, 751, L36
White T. R., et al., 2013, MNRAS, 433, 1262
MNRAS 000, 1–11 (2019)
67

Chapter 6
Binary Hunting using Stellar
Oscillations
Up to this point, this thesis has mostly involved comparing modelled and observed
oscillation frequencies. This thesis will now investigate the effects that binary stars
have on asteroseismology. Stars often form in multiple systems, where other stars
and exoplanets orbit each other. Like stellar oscillations, the orbital properties of
a binary star system are directly linked to the fundamental parameters of its con-
stituents. The Kepler space telescope has detected thousands of eclipsing binaries
using the photometric transit method (e.g. Prsˇa et al. 2011; Slawson et al. 2011;
Kirk et al. 2016), however this method requires that the observer resides close to the
orbital plane. Radial velocities can detect orbital companions at a range of inclina-
tion angles but the method is limited in the number of stars that can be observed
at a time.
A number of new methods have been developed which use stellar oscillations to
detect binary stars. Shibahashi and Kurtz (2012) showed that the pulsations of
δ Sct stars behave like stable clocks. The orbital motion of a star induces a Doppler
effect that modulates the frequencies of the oscillations, which generates multiplets
in the power spectrum. Murphy et al. (2014) used the variation of the oscillation
arrival time by measuring the phase modulation (PM) across the light curve to
detect binary companions. This technique, known as the PM method, is a useful
way to visualise the orbital motion of a binary system, as shown in Figure 6.1, and
yields essentially the same information as radial velocities. Orbital parameters, such
as mass ratio and eccentricity, can be derived from the variations in the oscillation
arrival times. The PM method has found hundreds of binary δ Sct systems (Murphy
et al. 2018), including one with a 12 Jupiter mass exoplanet (Murphy et al. 2016).
Another advantage of these methods is that if one of the companions is a solar-like
oscillator, the same light curve can be used to determine the ages, masses, and radii
of the components. These methods require that the oscillations of the host star are
coherent for the duration of the light curve, but they are sensitive to orbits over a
range of inclination angles. This chapter will present the work I completed for a
paper (Compton et al. 2016) investigating the limits of the PM method on other
types of stars with coherent oscillations.
Tim Bedding suggested that this method could be applied to red giants that have
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Figure 6.1: (a) Power spectrum of δ Sct, KIC 11754974. The blue dashed line
indicates the long-cadence Nyquist frequency (24.47 d−1 = 283.2 µHz). (b) The
red, green, and blue symbols denote the time delays of each 10 day segment for
the three most powerful modes (f1 = 16.34 d−1 = 189.1 µHz, f2 = 21.40 d−1 =
247.7 µHz, and f3 = 20.91 d−1 = 242.0 µHz, respectively). The black squares are
the uncertainty-weighted averages for each segment. (c) Fourier transform of the
average time delays shown. Image adapted from Murphy et al. (2014).
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mixed dipole modes. g modes have long mode lifetimes (see Dupret et al. 2009),
hence, in principle are coherent for the duration of the light curve. Additionally, non-
radial p modes in red giants couple with multiple g modes resulting in a ‘forest’ of
peaks per radial order. Hydrogen-shell-burning (RGB) stars were better candidates
for the PM method than helium-core-burning (red and secondary clump) stars for
two reasons. Firstly, the g mode period spacing of the former is smaller than the
latter (see Bedding et al. 2010b; Mosser et al. 2012), hence, there is typically a
greater density and a larger number of g modes that can be used for the analysis.
Secondly, hydrogen-shell-burning stars have a greater upper bound on νmax (∼200
µHz) which is more suited for the PM method, and Kepler long-cadence data could
still be used.
In order to determine if the PM method was viable for red giants I attempted to
apply the method to known red giant binaries (e.g. Beck et al. 2014; Gaulme et al.
2014). However, we quickly realised that the method was failing for these stars in
known systems. I then considered other types of stars with coherent oscillations:
γ Dors, sdBs, and white dwarfs. This included two Kepler sdBs where a companion
had been detected (see Telting et al. 2012; Telting et al. 2014). Again, none of these
stars showed detectable time delays due to binary motion.
The aim of the project was to understand why the PM method was not suitable
for anything other than δ Scts. To determine the limit of binary detectability with
the PM method I simulated many Kepler light curves in a grid parameterised by the
amplitude of the time delay and oscillation signal-to-noise. I also compared the stars
in known binaries with the results from the simulations. Simon Murphy provided
the γ Dor and δ Sct light curves that were calculated using the multiscale Maxi-
mum A Posteriori algorithm (Stumpe et al. 2014). The orbital and asteroseismic
parameters of the sdBs and red giants were extracted from previously mentioned
sources. Finally, two known Kepler white dwarfs (Hermes et al. 2011; Greiss et al.
2014) were used to infer the oscillation signal-to-noise. As always, my supervisors,
Tim Bedding, Dennis Stello, and Simon Murphy, consulted throughout the project
and provided valuable feedback to the paper.
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ABSTRACT
Detecting binary stars in photometric time series is traditionally done by measuring eclipses.
This requires the orbital plane to be aligned with the observer. A new method without that
requirement uses stellar oscillations to measure delays in the light arrival time and has been
successfully applied to δ Scuti stars. However, application to other types of stars has not been
explored. To investigate this, we simulated light curves with a range of input parameters.
We find a correlation between the signal to noise of the pulsation modes and the time delay
required to detect binary motion. The detectability of the binarity in the simulations and in real,
Kepler data show strong agreement, hence, we describe the factors that have prevented this
method from discovering binary companions to stars belonging to various classes of pulsating
stars.
Key words: techniques: radial velocities – stars: oscillations.
1 IN T RO D U C T I O N
The primary science goal of Kepler was to find stars with Earth-
like exoplanet companions by observing transits in the photometric
time series (Borucki et al. 2010; Koch et al. 2010). Large numbers of
eclipsing binaries were also discovered (Prsˇa et al. 2011; Kirk et al.
2016), some of which show stellar oscillations (e.g. Southworth
2015). These oscillations can also be used to find binaries without
transits or eclipses, provided the pulsation modes are stable enough
to act like a ‘clock’. That is the subject of this paper.
As a star and its companion orbit each other, the light travel
time from the host star to the observer will vary. The variation is a
periodic function that is related to the integral of the radial velocity
variation. Telting et al. (2012) used the differential arrival time of
pulsation modes to confirm the presence of a companion to an sdB
star. Murphy et al. (2014) developed the phase modulation (PM)
method, using changes in the pulsation phases of δ Sct stars to
find binary companions. This method complements the frequency
modulation (FM) method by Shibahashi & Kurtz (2012), wherein
the binary motion modulates the oscillation frequencies, causing
multiplets in the Fourier transform. The FM method is suitable for
data sets that are much longer than the orbital period of the binary.
Hence, for the wide orbits, the frequency splitting can approach the
frequency resolution of the pulsation spectrum. In contrast, the PM
method favours wider orbits because the light travel time across
the orbit is larger. The PM method has the benefit of providing a
visualization of the orbit by tracking the time delays as a function
 E-mail: d.compton@physics.usyd.edu.au
of orbital phase. It also allows the signals from different pulsation
modes to be combined straightforwardly. This method has been used
on known δ Scuti binaries in the Kepler field (e.g. Balona 2014).
Additionally, many new binary systems have been discovered using
the PM method (e.g. Murphy et al. 2014). Several giant planets have
been discovered around pulsation sdB stars using timing variations
(e.g. Silvotti et al. 2007; Geier et al. 2009; Lee et al. 2009; Qian
et al. 2009).
The goal of this paper is to apply the PM method to other types
of pulsating stars to detect the presence of a binary companion.
We start by introducing the PM method and apply it to artificial
light curves (Section 2). We adopt a Monte Carlo method by mass-
producing light curves and extracting relevant parameters from the
time-delay spectrum. The resulting distributions are analysed to
diagnose detectability and then compared with real Kepler binaries
in Section 3. Finally, the implications of this research are discussed
in Section 4.
2 M E T H O D A N D S I M U L AT I O N S
2.1 Phase measurements and time delays
The PM method involves measuring the phase, (t), of a pulsation
mode over time, t. We generalize the light curve as a periodic
function, f(t). The phase of a pulsation mode with frequency ν can
be calculated using the Fourier transform over a time interval δt,
which is
F(t ; ν, δt) =
∫ t+δt/2
t−δt/2
f (t ′)e−2πiνt ′dt ′. (1)
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The argument of the complex quantity F in equation (1) gives the
phase:
(t ; ν) = tan−1
(
Im(F(t ; ν, δt))
Real(F(t ; ν, δt))
)
. (2)
The length of the intervals used by Murphy et al. (2014) was
δt = 10 d.
The phase of a pulsation signal is sensitive to changes in distance
to the source. Extracting the pulsation phase for each time interval
produces a series of phases that are modulated by orbital motion,
allowing us the measure the binary period, Porb, and projected semi-
major axis a1sin (i), where i is the inclination of the orbital plane
with respect to the observer.
The phase variations can be converted to time delays by dividing
by the angular frequency of the pulsation mode:
τ (t) = (t)
2πν
. (3)
Here,  = (t) − 〈(t)〉, which sets the mean of the time delays
to be zero.
Fig. 1 shows the main steps of the PM method for a known Kepler
binary δ Sct star KIC 11754974 (Murphy et al. 2013b): (1) the
Fourier transform of the time series around a prominent oscillation
mode, (2) time-delay series, and (3) time-delay spectrum. Binary
motion produces a peak in the Fourier transform of the time delays
(henceforth time-delay spectrum) at the orbital frequency, forb =
1/Porb. The amplitude of this peak is the projected light travel time
across the orbit, which is a1sin (i) divided by the speed of light c.
A more complete set of orbital parameters can be extracted from
fitting directly to the time delays (see Murphy & Shibahashi 2015).
2.2 Simulated light curves
To evaluate the performance of the PM method, we generated
monoperiodic Kepler time series, which simulate the binary mo-
tion. The simulated light curves were a linear combination of two
components: a single oscillation mode and a noise term. Bina-
rity was simulated by adding a time-dependent phase shift to the
pulsation.
The flux variation due to a single mode in the time series is given
by
f (tn; A, ν, φ) = A cos (2πν(tn + τ (tn)) + φ), (4)
where A and ν are the amplitude and frequency of the mode, and
φ is the phase relative to an arbitrary fixed starting point. The
time stamps, tn, for the simulations were based on the Kepler long-
cadence sampling (t = 29.4 min) using all four years of available
data. The time-dependent function τ (tn) describes the time delays
induced by the binary motion. To simplify our analysis, we only
considered circular orbits, i.e. eccentricity e equals zero. Shibahashi
& Kurtz (2012) expressed the PM function as
τ (tn; τmax, Porb, ψ) = τmax sin
(
2πtn
Porb
)
+ ψ, (5)
where τmax is the amplitude of the time-delay variations, Porb is
the orbital period, and ψ describes the phase of the orbit. For a
circular orbit, τmax only depends on the projected semimajor axis.
In the absence of noise, the maximum time delay is equivalent to the
projected light travel time across the orbit, i.e. τmax = a1sin (i)/c.
In this paper, τmax will be used as the input maximum time delay,
whereas a1sin (i)/c is the empirical maximum time delay extracted
from the simulated time series using the PM method.
Figure 1. Application of the phase modulation method to the Kepler δ
Sct binary star KIC 11754974. (a) The close-up view of a single mode at
189.1 μHz in the Fourier transform in the photometric time series. (b) time
delays calculated from 10 d sub-series at the frequency of the chosen mode.
(c) Fourier transform of the time delays (time-delay spectrum). The peak at
0.0029 d−1 in the time-delay spectrum is caused by the binary motion of the
δ Sct star.
We simulated the white noise using the equation
W (tn; σ ) = Xtn (σrms), (6)
where Xtn is a random number taken from a Gaussian distribution
with a mean of zero and a standard deviation of σ rms.
The relationship between the scatter in the time series, σ rms, and
the mean noise level in the amplitude spectrum, σ amp, is
σamp =
√
π
N
σrms. (7)
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Table 1. Set of fixed parameters used in the simulations. Y
is a uniform random number-generating function between 0
and 1. Each simulation used a different random seed.
Parameter Description Simulation value
Porb Orbital period 100 d
e Orbital eccentricity 0
ψ Orbital phase 2πYi
Nsub Number of sub-series 150
A Pulsation amplitude 1.0 (arbitrary units)
νsim Pulsation frequency 250 μHz
φ Pulsation phase 2πYj
Here, N is the number of data points in the time series (Kjeldsen
& Bedding 1995). The relationship between A and σ rms gives the
signal-to-noise ratio of the oscillation mode,
S/N = A
σamp
= A√
π
N
σrms
. (8)
The signal-to-noise ratio is a convenient quantity because it com-
bines the oscillation amplitude and noise into one scalar quantity
and it can be measured straightforwardly from the Fourier transform
of the light curve.
The uncertainty of the pulsation phase measurement depends on
this signal to noise. For a given binary orbit, equation (3) indicates
that the PM of a particular pulsation mode is proportional to the
mode frequency. It follows that the uncertainties of the phases are
lower for higher pulsation frequencies.
The randomness of our simulations gives a distribution of mea-
sured maximum time delays, ai sin (i)/c, and orbital periods, Pobs.
Non-varying asteroseismic and binary parameters were marginal-
ized by setting them as constant across all simulations, as shown in
Table 1.
The amplitude, A, was kept constant and the noise level, σ rms, was
adjusted to control the signal to noise of the mode. We split each
time series into Nsub = 150 sub-series, which corresponds to approx-
imately 10 d for most Kepler light curves. If the effective length of a
sub-series was less than 8 d, it was discarded. 10 d is short enough to
sample the orbit for any orbital period above 20 d and long enough
to resolve individual modes with a minimum frequency separation
of approximately 3μHz (see Christensen-Dalsgaard 2008).
In general, high-frequency pulsations and longer orbital periods
are advantageous. However, upper limits exist for both these quan-
tities. A full sample of the orbit throughout the time series (i.e.
Porb . 1000d) is required to ensure that the time-delay variations
are periodic and caused by an orbiting companion. The pulsation
frequency is limited by the long-cadence sampling, which has a
Nyquist frequency of 283.2μHz. Therefore, care must be taken to
avoid aliases (e.g. Murphy, Shibahashi & Kurtz 2013a).
2.3 Setting limits on the detection of binarity
To determine the limits of binary detectability, we generated simu-
lated Kepler time series with a grid of input parameters. We initially
simulated time series without binarity to understand the influence
of the pulsation mode signal to noise on the time-delay spectrum.
We simulated 1000 light curves for each value of signal to noise in
a grid spanning 5 < S/N < 2000. The PM method was applied to
each white-noise time series to extract the height of the highest noise
peak from the time-delay spectrum. For a given signal-to-noise ra-
tio, the absolute phase uncertainty caused by the white noise is the
same across different modes of varying frequency. This means that
the variance of this extracted maximum time delay multiplied by
the pulsation mode frequency is the same for modes of identical
signal-to-noise ratios. Therefore, we compared the PM in units of
number of pulsation periods across stars with varying white noise
coefficients, i.e. time delays multiplied by the speed of light: τmax ·
ν or a1sin (i)/c · ν.
An example of the distribution of maximum time delay from 1000
simulations of purely white noise time series is shown in Fig. 2(a).
A Gaussian fit to the histogram gives the typical maximum time
delay caused by the white noise scatter. The maximum time delay
of a binary must exceed this value for a given signal-to-noise ratio
to be considered detectable, i.e. above the points in Fig. 2(b). At
low S/N, we observed excessive phase wrapping in the time-delay
sub-series, that is the point-to-point scatter in Fig. 1(b) exceeded the
co-domain of equation (2) (|(t)| > π ). We fitted a power law to
the points above a signal-to-noise ratio of 50, which we considered
Figure 2. (a) A single distribution (S/N ≈ 140) of the maximum noise peak in the time-delay spectrum using N = 1000 simulated time series of the same
star with no binary component. The distribution was fitted with a Gaussian (green line). The mean and standard deviation of the Gaussian is represented by
the dotted red line and the blue bar, respectively. (b) The diamonds and attached error bars represent the mean and standard deviation, respectively, of each
distribution as a function of signal to noise. The blue diamond corresponds to the distribution in (a). The solid red line is a power-law fit to the points with S/N
> 50 (dashed black line), and the dotted red line is its extrapolation.
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Figure 3. The distribution of maximum time delays from 1000 simulations
with input parameters of τmax ≈ 120s and S/N ≈ 140. The red dashed line
is the mean of the distribution. The one standard deviation uncertainties are
represented by the blue bar. The top axis denotes the ratio of the highest
peak extracted from the time-delay spectra, a1sin (i)/c, and the maximum
time delay injected into the simulated, τmax.
to be a soft lower bound on the binary detection threshold for a
monoperiodic star due to the phase wrapping.
2.4 Simulations of binary motion
We extended our analysis by adding PM (τmax > 0 in equation (5))
to simulate binary motion. We used a similar Monte Carlo analysis
to find the uncertainty of the extracted maximum time delay as
a function of τmax and pulsation mode S/N. Arrays of S/N and
τmax were logarithmically spaced to make a 40×40 grid of input
parameters. For each grid point, another 1000 monoperiodic time
series were constructed with different random seeds. Using the PM
method, the maximum time delay, a1sin (i)/c, was extracted from
the time-delay spectra. Note that we scaled the time delays to a
phase unit, a1sin (i)/c · ν, to allow easy comparison between stars in
different binary systems or having different oscillation frequencies.
We then looked at the distribution of maximum time delays of
each of the sets of 1000 simulated time series in the grid. These
distributions were found to be Gaussian-like, as in Fig. 3, as long as
the time delay due to binary was consistently above the maximum
noise peak. In contrast, the maximum time-delay distribution of
a set of noisy time series was found to be spread out and non-
Gaussian because more false peaks in the time-delay spectra were
extracted. The mean of the maximum time-delay distribution in
Fig. 3 is less than the input maximum time delay. This is caused by
an undersampling of the orbit. Murphy et al. (in preparation) will
give a full characterization of the effect, but with our sampling of
10 sub-series per orbit there is little impact on our results.
The grid of distributions are compiled into Fig. 4 using contours
of constant relative uncertainty. The relative uncertainty was cal-
culated by dividing the standard deviation of each distribution by
the injected maximum time delay, τmax. The contour lines follow a
power law for large S/N and time-delay amplitude, where binarity
is most easily detectable. Conversely, the contours become irreg-
ular at larger uncertainties and the binary is harder to detect. The
large uncertainties correspond to a parameter space where the noise
in the time-delay spectrum consistently exceeds τmax (red line in
Figs 4 and 2b). We concluded that the binary peak in the time-delay
spectrum could not be reliably detected if the relative uncertainty
was much greater than 30 per cent. Therefore, contours greater than
this are not shown in Fig. 4. We should keep in mind that our sim-
ulation only included a single pulsation mode in each time series,
and that we should expect to do somewhat better in multiperiodic
stars.
3 C OMPAR ISON W ITH O BSERV ED DATA
We looked for PM Kepler data for in a variety of pulsating stars
with known binaries. Examples are shown in Fig. 5, and all have
coherent modes with lifetimes longer than the four years of the
observations. We considered two types of main-sequence pulsating
stars near the instability strip. δ Scuti stars have high-amplitude and
high-frequency p modes, which is why they were initially chosen
when the PM method was developed. γ Doradus stars have g-mode
pulsations at lower frequencies. In addition, we looked at δ Sct/γ
Dor hybrids which have both δ Sct and γ Dor pulsations. We also
investigated red giant branch (RGB) and clump stars, where the
coupling between pressure- and gravity-dominated modes generates
mixed dipole modes with long lifetimes (e.g. Dupret et al. 2009).
Finally, we also considered two classes of compact evolved stars, the
sub-dwarf B (sdB) stars and white dwarfs, which both have coherent
and modest-amplitude g modes (e.g. Reed, Quint & Kawaler 2011;
Greiss et al. 2014) that could be suitable for detecting binary PMs.
We used Kepler light curves that had been reduced using the
multiscale Maximum A Posteriori algorithm developed by Stumpe
et al. (2012). This removes systematic trends, discontinuities, out-
liers, and artefacts. The light curves were then analysed using the
PM method, as outlined in Section 2.1.
Relating our simulations to the observed data requires knowledge
of the projected light travel time across the orbit and the signal-to-
noise ratios of the observed pulsations. For each star, the strongest
mode in the amplitude spectrum was selected for analysis and its
frequency ν i and amplitude Ai were noted. The light travel time
was calculated as described in section 2.1. The signal to noise was
calculated using equation (8) from the pulsation amplitude and the
mean noise level. The results are plotted as symbols in Fig. 4. The
location of a star in Fig. 4 gives an estimate of the relative uncertainty
of its maximum time delay for an individual mode. If the relative
uncertainty is greater than 30 per cent, it is unlikely to be detectable.
Analysing multiple modes reduces the total relative uncertainty by
approximately the square root of the number of modes.
Care must be taken when calculating the mean noise level, σ amp.
For the highest amplitude δ Sct stars, the spectral window will
dominate the amplitude spectrum (e.g. Murphy et al. 2013b), even
when the window function is ideal. To estimate the noise, we first
pre-whitened the peak with the highest amplitude in the pulsation
spectrum. The mean residual amplitude within ±10 per cent of the
mode frequency was taken to be the mean noise level and used to
calculate the signal-to-noise ratio. For most δ Sct stars, we note that
this overestimates the noise because variance from other oscillation
modes remains.
4 D ISC USSION
Fig. 4 shows good agreement between the predicted detectability
of binary stars and those with observed time-delay variations. This
validates the use of the simulations as a way to determine a lower
bound of observable projected light travel time across the orbit for
a given signal to noise and pulsation frequency. For example, a
pulsation mode with S/N = 100 at ν = 210μHz should typically
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Figure 4. The contours define lines of constant relative uncertainty in the time delays calculated from a sample of 1000 simulated light curves as a function
of signal-to-noise ratio, S/N, of the pulsation mode, and injected maximum time delay, τmax. The red line is the power-law fit to the average maximum noise
peak, shown in Fig. 2(b). Each symbol represents the strongest pulsation mode of a known Kepler binary star. The red squares and purple triangles are δ Sct p
modes (by Murphy et al. 2014). Orange diamonds are sdB stars measured by Telting et al. (2012, 2014) (KIC 7668647 and KIC 11558725). The dotted-lined
box represents the area where the most ideal red giants lie (Beck et al. 2014; Gaulme et al. 2014). The green crosses and blue pluses are δ Sct/γ Dor hybrids, p
mode and g mode, respectively (see Van Reeth et al. 2015 for KIC 3952623 and Keen et al. 2015 for KIC 10080943).
show detectable PM if the maximum time delay is greater than 30 s
(a1sin (i)/c · ν = 30 · 210 · 10−6 = 0.0063).
If the primary star mass is known, a lower bound on the projected
mass of the companion can be inferred. The lower bound on mass
occurs when the orbital plane is perpendicular to the plane of the
sky (i.e. i = 90◦). However, the maximum time delay for eccentric
orbits depends on the argument of periapsis,  . For the known
binaries we examined, we assumed the eccentricity of the orbit has
a negligible effect on the time delays, i.e. the maximum time delay
is equivalent to a1sin (i)/c and does not affect the detectability.
The δ Sct binaries in our sample, denoted by the red squares and
purple triangles in Fig. 4, were all detected using the PM method.
Except for two, all lie above the maximum time delay of noise (solid
red line). These two were detected by analysing multiple modes (up
to nine modes in total), which reduces the uncertainty of the time
delays by approximately the square root of the number of modes,
whereas the simulations were calculated for single modes only.
We found that γ Dor pulsations are not suitable for the PM
method because the frequencies of the g modes are too low. The
examples shown in Fig. 4 are δ Sct/γ Dor hybrid stars that only have
detectable time delays for the p-mode pulsations. The PM analysis
of the g modes did not yield a detectable signal of binary motion. In
general, the periods of the g modes are at least 10 times greater than
the p modes. This reduces the detectability of time-delay variations
by the same factor. Additionally, the density of modes in the Fourier
transform of γ Dor stars can be too high for them to be resolved
with 10-d time intervals (see Keen et al. 2015 for an example); the
time delays are obscured by beating between other pulsation modes
in the star. Binary δ Sct stars analysed by Murphy et al. (2014) also
show the effect of closely spaced beating modes on the time-delay
spectrum.
From the analysis of RGB and clump stars, we concluded that
Kepler red giants will not have detectable time-delay variations.
We inferred the maximum delays using 16 red giant binaries that
have known orbital parameters reported by Beck et al. (2014) and
Gaulme et al. (2014). The ideal red giants are high-frequency, lower
RGB stars like the one shown in Fig. 5(d). We combined typical
mass ratios of red giant binaries with a range of possible binary
parameters to create a best-case scenario for the low-luminosity
RGB stars. The best red giants would exist in the dotted box in
Fig. 4. Therefore, we conclude that the signal-to-noise ratios of the
coherent dipole modes, even in the best cases, are insufficient to
detect time-delays caused by binarity.
The companions of pulsating sdB stars are on the threshold
of being detectable, as shown by the orange diamonds in Fig. 4.
Two Kepler sdB stars in known binaries were analysed. The orbital
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Figure 5. Examples of amplitude spectrum for each type of star analysed in this paper ordered from highest to lowest S/N. The left-hand column is the full
spectrum calculated from the observed Kepler time series and the right-hand column is a 20μHz-wide close-up of the region between the red dashed lines. The
close-up plots show the spectra of the full time series (grey line) and a typical 10 d sub-series (black line). The types of stars are as follows: (a) a δ Sct star with
p-mode pulsations. (b) A γ Dor/δ Sct hybrid star with low-frequency g mode and high-frequency p-mode pulsations. (c) An sdBs with g-mode pulsations. (d)
A red giant branch star with solar-like mixed dipole modes oscillations. The amplitude of each plot has been normalized to the height of the strongest pulsating
peak.
periods are about 10 d, each with a white dwarf companion. There-
fore, in an attempt to detect the PM due to binarity, we took Nsub
= 500 sub-series, which corresponded to a sub-series length of 2 d,
which was required to sample the short orbit adequately. Naturally,
decreasing the sub-series length increases the uncertainty of the
time delays, further reducing the detectability of the binarity of the
sdBs. The PM method would succeed for sdB stars with longer
orbital period companions, which would give a higher maximum
time delay. We were unable to detect binarity from the 19 pulsat-
ing sdB stars that have Kepler long-cadence data, and which are
not known to be binaries (Silvotti et al. 2014). Previous work by
Telting et al. (2012, 2014) analysed these two sdB stars in a similar
way by fitting the time delays to the pulsation modes. They were
successful in extracting the maximum time delays by using Kepler
short-cadence data and using many tens of modes. Our analysis
considers only a single mode, and is based on long-cadence data
only.
We also considered white dwarfs, although we note that none of
the pulsating white dwarfs in the Kepler field are in known binary
systems. The pulsation frequency of white dwarfs is an order of
magnitude higher than the other stars considered in this analysis.
Therefore, Kepler short-cadence data (one minute sampling inter-
val) were used in the analysis, which is not entirely comparable to
our simulations in Fig. 4. We infer from the work of Hermes et al.
(2011) and Greiss et al. (2014) that the signal-to-noise ratios of
white dwarf oscillations are similar to those of red giants. Note that
the short oscillation periods of white dwarfs can cause the maxi-
mum time delay to exceed the pulsation period, in which case, one
must also account for phase wrapping of the binary-induced phase
shifts. We concluded that the high-frequency pulsations suit the PM
method, but, for the same reasons as for the sdBs, the smaller
number of pulsating white dwarfs with Kepler data limits the
chances of detecting binary systems.
5 C O N C L U S I O N S
We attempted to extend range of stars for which the PM method
can be applied, to include red giants, γ Dor stars, white dwarfs,
and subdwarf B stars. We explored the asteroseismic and orbital
parameter space to find the detection limits. The results from our
simulations show a relationship between the signal-to-noise ratio
of the pulsation mode and the ability to detect binarity. To confirm
this, we compared the results of the simulations with observed Ke-
pler light curves. We saw a strong agreement in binary detectability
between the observed and simulated data. Moreover, for δ Scts star
with the highest signal-to-noise ratios, time-delay variations as low
as a few seconds should be detectable. For a monoperiodic oscil-
lator, this maximum time delay corresponds to a companion mass
of the order of M sin (i) = 10 Jupiter masses, given the limits of
the Kepler time series. This limit can be decreased for stars with
pulsations above the Nyquist frequency or when analysing multiple
modes, which can reduce the time-delay uncertainty by
√
N , where
N is the number of modes analysed. The limit for γ Dor and sdBs
is approximately 10 times more massive, due to the differences
in mode frequency and signal-to-noise ratio. These companions
would be very low-mass stars that have periods of over one year.
The limit for red giants is 100 times greater relative to the δ Sct
stars, which is of the order of a solar mass companion. This op-
timistic case does not take into account the density of g modes,
which cause heavy interference in the time-delay spectra, ulti-
mately causing the red giants to be unrealistic candidates for the PM
method.
MNRAS 461, 1943–1949 (2016)Downloaded from https://academic.oup.com/mnras/article-abstract/461/2/1943/2608367
by University of Sydney Library user
on 05 July 2018
77
Binary star detectability in Kepler data 1949
We conclude that the PM method is best suited to searching for
companions around δ Sct stars, where it should be possible to reach
down to planetary masses.
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Chapter 7
Conclusions and Outlook
In this thesis I compared asteroseismic models with observational data to investigate
a number of fundamental stellar astrophysical concepts, such as stellar evolution,
structure, and binarity. The methodology, results, and conclusions can be sum-
marised as follows:
• Chapter 3 - I developed a routine to process and concatenate Kepler light
curves for 195 late K- to early M-type giant stars. I analysed the power spectra
and found a triplet frequency pattern in most of the stars in the sample. The
pattern was followed to the tip of the RGB with the aid of stellar evolution
models. We confirmed that the triple structure represented the first three
angular degrees which had strongly departed from the asymptotic relation.
Most unexpectedly, we found that the oscillation power was concentrated in
the dipole mode for these types of stars.
• Chapter 4 - I characterised the frequency discrepancy between observed Ke-
pler data and 1D stellar models in main-sequence solar-like oscillators. The
observed mode frequencies of 67 stars (including the Sun) were fit to a grid
of stellar models using a number of empirical surface correction methods. We
found that the choice of surface correction method did not significantly affect
the calculated stellar parameters. However, the magnitude of the frequency
discrepancy varied significantly between correction methods. We observed a
correlation between the surface gravity and the relative frequency correction at
νmax. Additionally, the quality of the fit improved when we included the mode
inertia and included another free parameter in the correction, particularly for
the F-type stars.
• Chapter 5 - I modified the method in the previous chapter to consider when
the radial and quadrupole modes cannot be resolved in the power spectrum
due to short mode lifetimes. The centroid frequencies were measured using an
MCMC peak-bagging routine for 70 stars, including three non-Kepler F stars.
We found that the even- and odd-degree centroid frequencies were appropriate
substitutes for the underlying mode frequencies, and can be used to determine
mode identification in F-like stars. Additionally, the δνeven,odd separation is a
good indicator of age for late main-sequence stars.
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• Chapter 6 - I attempted to find signatures of orbital motion in the phase
information of coherent stellar oscillators. However, we quickly discovered
this was not possible for non-δ Sct stars. In order to explain the null results,
I simulated many Kepler power spectra, parameterised by the signal-to-noise
ratio and the time delay amplitude. We found that, given the Kepler time
series, the chance to detect a binary companion around anything other than a
δ Sct, with the phase modulation method, is highly unlikely.
The Kepler mission revolutionised observational asteroseismology, however, its
design restricted the study of a number of interesting topics. Most notably was the
understandable choice to limit the number of short-cadence targets to reduce the
amount of data to be downlinked from the satellite. Therefore, main-sequence solar-
like asteroseismology was possible for only a tiny fraction of the observed targets in
the field. Another issue was that many of the interesting stars in the Kepler field
were not bright enough for ground-based interferometric, astrometric, and spec-
troscopic follow-up. These alternative observational methods complement astero-
seismology by further constraining fundamental stellar parameters including radius,
luminosity, and effective temperature.
More recent space telescope missions have improved on a number of these prob-
lematic aspects. The reincarnation of Kepler, K2, observed a number of different
fields near the ecliptic (see Howell et al. 2014). The mission, which also lasted four
years, has added to the thousands of exoplanets detected by the space telescope
(Vanderburg et al. 2016). The shorter time series prevents asteroseismology of very
evolved M giant solar-like oscillators, but the mission is suitable for observing solar-
like oscillations in smaller red giants (see Stello et al. 2015). The space-astrometry
mission Gaia (Gaia Collaboration et al. 2016b) is measuring parallaxes for stars
with a visual magnitude less than ∼20. This will improve the precision of astero-
seismology for observed stars both now and in the future (see Gaia Collaboration
et al. 2016a; Gaia Collaboration et al. 2018).
The ‘golden-age’ of asteroseismology continues with the Transiting Exoplanet Sur-
vey Satellite (TESS; Ricker et al. 2015). The space telescope will observe ∼200 000
main-sequence stars in a 2 minute cadence, ideal for detecting solar-like oscilla-
tions. In general, TESS will observe brighter stars than Kepler, which gives a better
chance of ground-based follow-up. The light curves from TESS are expected to be
publicly available by the end of 2018, but it has already discovered its first exoplanet
(Huang et al. 2018). Further on, the PLAnetary Transits and Oscillations of stars
(PLATO; Rauer et al. 2014) is planned for a 2026 launch. It will observe up to one
million stars and have a 25 second cadence or shorter, suitable for high-frequency
asteroseismology.
Over the coming decades, there will be no shortage of time series data for aster-
oseismic analysis. Simultaneously, improvements to computer hardware will result
in more sophisticated and accurate stellar models which will enhance the analysis
of the observed data. The techniques described within this thesis to perform time
series and spectral analysis will remain relevant to study and decipher the structure
and evolution of stars like the Sun.
Appendix A
Non-radial Oscillations in M-giant
Semi-regular Variables: Stellar
Models and Kepler Observations
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ABSTRACT
The success of asteroseismology relies heavily on our ability to identify the frequency patterns of stellar oscillation
modes. For stars like the Sun this is relatively easy because the mode frequencies follow a regular pattern described
by a well-founded asymptotic relation. When a solar-like star evolves off the main sequence and onto the red giant
branch its structure changes dramatically, resulting in changes in the frequency pattern of the modes. We follow
the evolution of the adiabatic frequency pattern from the main sequence to near the tip of the red giant branch for
a series of models. We find a significant departure from the asymptotic relation for the non-radial modes near the
red giant branch tip, resulting in a triplet frequency pattern. To support our investigation we analyze almost four
years of Kepler data of the most luminous stars in the field (late K and early M type) and find that their frequency
spectra indeed show a triplet pattern dominated by dipole modes even for the most luminous stars in our sample.
Our identification explains previous results from ground-based observations reporting fine structure in the Petersen
diagram and sub-ridges in the period–luminosity diagram. Finally, we find “new ridges” of non-radial modes with
frequencies below the fundamental mode in our model calculations, and we speculate they are related to f modes.
Key words: stars: interiors – stars: oscillations
Online-only material: color figures
1. INTRODUCTION
At the beginning of this century, semi-regular variables were
probably the least understood of all variable stars (Wood 2000).
In the decade following, we have seen tremendous progress in
the study of these stars driven by long-duration ground-based
surveys such as MACHO (Wood et al. 1999; Fraser et al. 2005;
Riebel et al. 2010), Optical Gravitational Lensing Experiment
(OGLE; Kiss & Bedding 2003; Soszynski et al. 2004, 2007;
Groenewegen 2004; Ita et al. 2004a), EROS (Spano et al. 2011),
and even “backyard observations” (Tabur et al. 2010). With
4 years of continuous data from Kepler, it has now become
possible to investigate the frequency spectra of late K and early
M giants using space-based data (Ba´nyai et al. 2013; Mosser
et al. 2013).
Semi-regular variables bridge the gap between the lower
luminosity G and K giants oscillating in multiple radial and
non-radial modes like the Sun (Chaplin & Miglio 2013; Hekker
2013; Mosser 2013; Garcia & Stello 2014), and the radial
fundamental-mode “Mira” oscillators (Olivier & Wood 2005).
Key uncertainties concerning semi-regular variables include the
transition between so-called “solar-like” to the much higher
amplitude “Mira-like” oscillations (Christensen-Dalsgaard et al.
2001; Bedding et al. 2005; Xiong & Deng 2013). This includes
the question of non-radial modes, which are definitely present
in less luminous giants but absent in Miras. There has been a
long discussion on the origin, and ultimately the mode orders,
associated with the main ridges seen in the period–luminosity
diagram for these giants (e.g., Wood & Sebo 1996; Wood et al.
1999; Bedding & Zijlstra 1998; Kiss & Bedding 2003; Ita et al.
2004b; Tabur et al. 2010; Dziembowski & Soszyn´ski 2010;
Soszyn´ski & Wood 2013; Soszyn´ski et al. 2013; Takayama
et al. 2013; Mosser et al. 2013). Throughout this discussion,
it has frequently been assumed that the oscillations in semi-
regular variables consist mainly or entirely of radial modes
(e.g., Wood et al. 1999; Dziembowski et al. 2001; Soszyn´ski
et al. 2013). It was suggested by Dziembowski et al. (2001)
and Christensen-Dalsgaard (2004) that strong radiative damping
through the coupling to the g modes in the core would make
the non-radial modes unobservable. However, using OGLE
data, Soszynski et al. (2004) noticed features in the so-called
Petersen diagram of period ratios that they could not explain
purely by radial modes. Soszynski et al. (2007) refined this
result, showing fine structure in the Petersen diagram that they
suggested could be due to non-radial modes. In an attempt
to match model frequencies to the OGLE data, Dziembowski
& Soszyn´ski (2010) calculated both radial and dipole mode
frequencies but found significant discrepancies between models
and observations. In addition to a series of radial modes,
Takayama et al. (2013) derived frequencies of a dipole and
also a quadrupole mode to explain the fine structure in the
Petersen diagram observed by Soszynski et al. (2007). With the
shorter but much higher photometric quality Kepler data, Mosser
et al. (2013) clearly detected non-radial modes among the least
luminous stars in their sample. However, they found that the
power of the dipole modes decreased dramatically for luminous
stars having dominant oscillation frequencies below νmax ∼
1 μHz (period &10 days). During this transition the power of
the radial modes increased. Clear evidence for non-radial modes
in high-luminosity (M-type) red giants has not been established.
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In this Letter we examine the oscillations in late K and early
M giants using both theoretical adiabatic frequency calculations
of full non-truncated stellar models and 4 yr Kepler data of
about 200 stars. We show that these stars oscillate in both radial
and non-radial modes but with frequency spectra that differ
markedly from those of less luminous giants. These differences
explain the fine structure seen in the Petersen diagram. Most
remarkably, we show that the frequency spectra of M giants are
actually dominated by dipole (l = 1) modes.
2. THEORETICAL MODELS AND
ADIABATIC FREQUENCIES
Calculating frequencies of non-radial oscillations in luminous
giants is challenging and computationally intensive because they
are mixed modes that arise from coupling between p modes in
the envelope and a large number of extremely high-order g
modes in the core. Previously, the presence of the core and the
coupling with the g modes were neglected (e.g., Dziembowski &
Soszyn´ski 2010) or dealt with using a non-adiabatic asymptotic
treatment (Dziembowski 2012). Our frequency calculations are
based on non-truncated models and take the coupling between
envelope and core fully into account. This minimizes the risk
of inducing sudden artificial frequency shifts from truncation
and hence allows us to follow the oscillation modes from the
main sequence to the red giant branch with a self-consistent
set of model calculations. We calculated adiabatic frequencies
using an updated version of ADIPLS (Christensen-Dalsgaard
2008a; J. Christensen-Dalsgaard et al., in preparation). To rep-
resent the high-order g-dominated mixed modes in the core,
the spatial mesh was distributed according to the asymptotic
behavior of the eigenfunctions, and the scan for eigenfrequen-
cies was similarly based on the asymptotic distribution. For the
most evolved models the g-mode behavior was inadequately re-
solved by the spatial mesh, even at the highest number of points
(around 76,000); however, we have ascertained that this had an
insignificant effect on the properties of the acoustically domi-
nated modes that we are concerned with here. Our stellar models
are derived using the MESA 1M_pre_ms_to_wd test suite case
(Paxton et al. 2011, 2013). We cross-checked our results using
ASTEC models (Christensen-Dalsgaard 2008b) and frequencies
derived using GYRE (Townsend & Teitler 2013) and found no
significant difference to the MESA–ADIPLS results presented
here.
Figure 1 shows model frequencies for an evolving star of
1 M. Each symbol represents a mode of degree l = 0 (radial),
l = 1 (dipole), or l = 2 (quadrupole). The symbol sizes
are scaled by 1/
√
Inertiamode, normalized to the radial modes,
and resemble a frequency-dependent “pseudo” amplitude (Aerts
et al. 2010). To guide the eye, we have connected radial modes
of the same order from one model to the next by dotted black
lines. We show all frequencies between about 0.1–0.9 times the
acoustic cut-off frequency. Assuming the oscillations are solar-
like, the modes between the two dashed lines are the strongest
and most likely to be observed.
Between the dashed lines, the main-sequence models show
a pattern closely resembling the asymptotic relation (Tassoul
1980), with dipole modes about halfway between each closely
spaced quadrupole–radial pair. When the model reaches the
subgiant phase, the core contraction causes the frequencies of
the g modes in the core to increase while envelope expansion
leads to a decrease of the p-mode frequencies, eventually
resulting in an overlap of the two sets of modes (Christensen-
Dalsgaard et al. 1995). This leads to coupling of the non-radial
modes, resulting in mixed modes whose frequencies can become
strongly bumped from the regular p-mode pattern seen during
the main sequence. The effect first becomes visible for the
quadrupole modes (Stello 2012), quickly followed by the dipole
modes, which show the strongest mode bumping (Figure 1,
models with νmax. 1500 μHz).
As the model evolves up the red giant branch the core keeps
contracting, resulting in an increase in the density of g modes
and in the width of the evanescent zone separating the g- and
p-mode cavities. This gives rise to many more mixed modes
and a weaker coupling than in the subgiant phase, and we start
to see clusters of l = 1 mixed modes at each p-mode order
(30 . νmax/μHz. 500) (Dupret et al. 2009; Bedding et al.
2010). This is because several g modes in the core are coupling
to each p mode in the envelope. The largest symbols within each
cluster reveal the location of the resonant p mode and allow us
to follow the evolution of the spacing between this mode and its
nearest radial mode along the red giant branch. As pointed out by
Bedding et al. (2010), the dipole modes have moved slightly to
the right of center relative to the radial modes (see also Mosser
et al. 2011; Huber et al. 2011; Corsaro et al. 2012), a result
that was also seen in a series of stellar models by Montalba´n
et al. (2010). In Figure 1 we see that the dipole modes move
even further to the right for more luminous models, eventually
forming the left fork of a “triplet,” with the quadrupole mode in
the middle and the radial mode to the right (see the inset).
The change in the frequency pattern from the main sequence
to the luminous giants is due to two factors. First, the excitation
shifts to lower-order modes (νmax decreases), away from the
asymptotic regime. Second, we see a change in the frequency
pattern at fixed radial order. For example, the positions of the
dipole modes (red dotted line) clearly shift relative to that of the
radial n = 5 ridge.
The change in frequency pattern is further illustrated in
Figure 2 with e´chelle diagrams for the four models marked
by arrows in Figure 1. The main-sequence model (Figure 2(a))
shows dipole modes roughly halfway between the radial modes
essentially all the way down to the lowest-order modes. The next
example (Figure 2(b)) shows an intermediate pattern, where the
highest frequency dipole modes are also about halfway between
the radial modes, but at lower frequencies they shift closer to the
quadrupole–radial pair, resulting in triplet structures. Finally,
the very luminous models (Figures 2(c) and (d)) show triplet
structures for the entire range.
Another interesting feature in Figure 1 is the presence of
non-radial modes with frequencies below the fundamental ra-
dial mode. They have low inertia to be visible in Figure 1. These
may be related to the “f modes” found by Cowling (1941) to be
intermediate between the g and p modes, in calculations neglect-
ing the perturbation to the gravitational potential (the so-called
Cowling approximation). Such modes, with no node in the ra-
dial direction, are also found in the Cowling approximation for
realistic unevolved models, with frequencies below the funda-
mental radial mode and inertias only slightly higher than that
mode. When the Cowling approximation is not made there is no
such f mode for l = 1, since with no radial node it would displace
the center of mass; however, the f mode with l = 2 is still found. A
similar mode confined to the envelope could account for the po-
tentially visible l = 2 mode below the fundamental radial mode.
For the corresponding l = 1 mode found in the calculations,
largely trapped in the envelope, we speculate that it is similar to
the f mode in the Cowling approximation but with a structure in
the core ensuring that the center of mass is not displaced. This
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Figure 1. Model frequencies, in units of the asymptotic large frequency separation, for solar-metallicity models along a 1 M track. Each model is plotted according to its νmax. Symbols for different spherical degrees
are indicated to the right, and evolutionary states are indicated to the left. Dotted vertical lines connect radial (black) and dipole (red) modes of the same p-mode order, the former annotated for every 5th order. Dashed
magenta lines show locations of 75% and 125% of νmax. Horizontal arrows mark models shown in Figure 2. The inset shows a close-up of the lower-left region.
(A color version of this figure is available in the online journal.)
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(a) (b) (c) (d)
Figure 2. ´Echelle diagrams for four representative models from the main sequence to near the tip of the red giant branch. Mode degrees are indicated for each ridge,
and symbol size is scaled as in Figure 1. Each e´chelle is plotted twice, as indicated by the vertical dotted line.
(A color version of this figure is available in the online journal.)
Figure 3. (a) Observed power spectra of 195 Kepler stars, each displayed as a horizontal band with the level of power indicated by the gray scale. For comparison,
ridges of model frequencies are shown in the background for angular degrees l = 0 (black), l = 1 (red), and l = 2 (blue). The radial order is indicated at the top,
starting from the fundamental radial mode (n = 1). (b) Vertically collapsed version of panel (a) with angular degrees indicated.
(A color version of this figure is available in the online journal.)
calls for further investigation. We speculate that these modes
might be related to the extra sequence F in the period–luminosity
diagram near the fundamental sequence C (Soszyn´ski &
Wood 2013).
3. OBSERVATIONS
We investigated the oscillation spectra of 195 giants that were
pre-selected as M-giant targets for the Kepler mission, based on
4
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their variability in the ground-based ASAS survey (Pigulski
et al. 2009).8 The Kepler data were obtained between 2009 June
20 and 2013 April 4, corresponding to observing quarters 2–16,
using the spacecraft’s long-cadence mode (Δt  29.4 minutes).
To correct quarterly flux discontinuities in the data we first
grouped stars into “fast” and “slow” oscillators based on the
number of intercepts of the time series relative to a linear fit to
the data using only the first quarter (Q2). We chose 15 crossings
as the discriminator, corresponding to a dominant oscillation
period of about 11 days. For the “fast” group we subtracted
a linear fit from each quarter and then shifted their mean flux
levels to that of the first quarter. For the “slow” group we made
linear fits to the five points on either side of quarterly gaps and
shifted the flux to make the two fits intersect at the middle of
the gap. Again, we used the first quarter as anchor point for the
flux level. However, where the gap was longer than 10 days, we
applied the same method as for the “fast” oscillators.
We ordered the stars by νmax and stacked their frequency-
scaled power spectra, as shown in Figure 3(a). We see clear
triplet ridges for each radial order. To construct Figure 3(a) we
used the following two-stage approach. First, we examined each
spectrum in an attempt to determine a reference frequency, νref ,
of a clearly identifiable mode. For this stage, the reference mode
did not need to be the same for all stars. To aid the identification
we looked for the strongest modes, assuming they were the ones
closest to νmax, and compared with the frequency pattern and
νmax from stellar models (Figure 1). This allowed us to associate
the correct radial order with each observed triplet structure for
about 40% of the stars. For each remaining star we made an
initial guess of the reference mode identification and frequency.
We then created a template spectrum as the average of the 10
already-identified spectra with reference frequencies closest to
that of the initial guess for the target star. A comparison revealed
the correct order of the reference mode for the target star.
With the modes identified for all stars, we then sought to
associate values of νref ≡ νn=3,l=0, νmax, and Δν for each star
based on matching with a grid of models. The main purpose of
this second step was to align the spectra relative to a common
reference mode and to sort the stars by νmax with minimal effect
from observational uncertainty. The initial matching model, and
hence the initial νmax, was found by interpolating the models
that bracketed the observed reference frequency found in the
previous step. The final best-matching model was found by first
generating 50 additional interpolated models that sampled the
±20% range around the initial νmax. From these models we then
created model spectra, where each mode was represented by a
Lorentzian profile with a width equal to the inverse observing
time, and mode heights were modulated by a Gaussian envelope
centered on νmax with FWHM = 0.25 νmax. By correlating
the observed and modeled spectra, we identified the final best
model as the one with the strongest correlation. The resulting
νmax was used to sort the stars in Figure 3(a) and νref was used
to scale the frequency axis. Each spectrum is represented by
a horizontal band with the level of power indicated by the
grayscale. The power was normalized for each spectrum by
its highest peak. The low-frequency noise was suppressed by
multiplying the spectrum by a Gaussian envelope of FWHM =
νmax centered at νmax. For the less-evolved stars, we applied
extra smoothing of the spectra proportional to νref in order
to produce a common width of the mode ridges. It is quite
remarkable how closely the observations follow the model
8 Our data were selected as part of the KASC Working Group 12 activities.
Figure 4. Representative power spectra of stars in our sample with νmax ranging
∼0.2–5.0 μHz. The frequency range has been chosen to roughly align the radial
modes indicated by dotted lines for order n = 1–7 (n = 1 being the fundamental)
from interpolated best-fitting models (see the text for details). The KIC-ID, Δν,
and the mode degree, l, are shown.
frequencies (solid lines in the background) in this very non-
asymptotic regime. This agrees well with the trend seen among
K giants, which shows a decreasing offset between the observed
and modeled frequencies toward more luminous stars (White
et al. 2011).
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Figure 5. Period–luminosity relation of M giant models of 1 M. Notation follows that of Figure 1.
(A color version of this figure is available in the online journal.)
In Figure 3(b) we show the collapsed version of panel (a). This
demonstrates clearly that the dipole modes are generally much
stronger than the radial modes, unlike in less evolved stars (see
also Mosser et al. 2013, and references therein). It is particularly
interesting to note that the dipole modes dominate even for the
most evolved stars in our sample (periods ∼ 50 days), which
seems to go against previous interpretations of semi-regular
variables (e.g., Wood & Sebo 1996; Wood et al. 1999; Soszynski
et al. 2007). We further note that the triplet structure disappears
for the lowest-order modes, where we see only a single peak
per order. This could be because the ridges of different degrees
merge, as suggested by the models, which we cannot adequately
resolve with the length of the current data set.
Finally, in Figure 4 we show a representative selection
of power spectra for five stars. Based on the above mode
identification we indicate the most significant non-radial modes
and the first seven radial modes (the fundamental plus the
first–sixth overtones) from the best-fitting model found by the
interpolation of our stellar model grid. A striking feature in some
of these spectra is the frequency pattern forming triplets.
4. THE PERIOD–LUMINOSITY AND
PETERSEN DIAGRAMS
Previous analyses of frequencies of semi-regular variables
have been based on the period–luminosity diagram and also
on the Petersen diagram of period ratios. To allow comparison
with previous work on such stars, we show in Figure 5 the
period–luminosity diagram of the models shown in Figure 1
(inset) and Figure 3.
The frequency pattern created by the non-radial modes seen
in Figures 1 and 2 explains the fine structure in the Petersen
diagram seen as sets of closely spaced horizontal triplet bands
(e.g., Takayama et al. 2013), referred to as sub-ridges in the
period–luminosity diagram by Soszynski et al. (2007). The
highest period ratio of ∼0.98 mentioned by Takayama et al.
(their Figure 7) would emerge from the ratio of two peaks in
the power spectrum separated by the frequency resolution of
their data set (1/Tobs), thus associated with the same mode
and presumably arising due to stochastic excitation of damped
modes, as in less luminous giants. Assuming the excitation is
solar-like, we expect all the radial and non-radial modes are
excited within a “broad” envelope centered around νmax. Due to
geometrical cancellation, however, we only see modes of degree
l 6 2 (Figure 3), whose period ratios form the remaining triplet
structures.
5. CONCLUSIONS
Our results clearly show the presence of both radial and
non-radial modes in semi-regular variables. We demonstrated
that the highly non-asymptotic frequency pattern is dominated
by triplets, which is qualitatively different from that of less
luminous giants. This explains the fine structure in the Petersen
diagram (Soszynski et al. 2004, 2007; Takayama et al. 2013)
and, hence, the sub-ridges in the period–luminosity diagram
suggested by Soszynski et al. (2007).
As a general note of caution the few modes excited and the
divergence from asymptotic behavior of the frequencies strongly
suggest that using measurements of Δν and νmax to estimate
stellar masses and radii of luminous giants through the scaling
relations could return dubious results.
Whether the non-radial modes “fade” at some point beyond
the red giant branch tip, still remains to be seen. Our observations
show that most oscillation power is in the dipole modes and
increasing relative to the radial modes toward the more luminous
stars. This is evidence that non-radial modes do not fade, but
our theoretical models suggest it will be hard to prove because
the radial and non-radial modes merge for the two lowest-order
modes at high luminosities. Without decades-long time series
to resolve this, the spectra look like a series of single-degree
overtone modes roughly spaced by Δν.
Finally, in our model calculations we found non-radial modes
of low inertia (hence visible in Figure 1) whose frequencies
are below the fundamental radial mode. We speculate they
may be related to the “f modes” found by Cowling (1941)
intermediate between the g and p modes, in the so-called
Cowling approximation. This intriguing finding calls for further
investigation.
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Appendix B
MESA and GYRE Inlists
The stellar evolution models were split into two parts, separated at approximately
the ZAMS. The difference is that the pre-main sequence inlist allows the models
to take larger steps in luminosity and temperature space, and it does not record
the results to a file yet. Both MESA inlists are parameterised by initial mass
(initial mass) and metallicity (initial z). These inlists were used for MESA
revision 9793.
B.1 Pre-Main Sequence MESA Inlist
The pre-main sequence inlist controls the models to evolve the protostar until a
point on the Henyey track before the ZAMS. I used the initial mass to set an
approximate upper bound on the effective temperature of a pre-main-sequence star:
Teff upper limit= 3000 + 2000(Mi/M) K.
&star_job
show_log_description_at_start = .false.
create_pre_main_sequence_model = .true.
save_model_when_terminate = .true.
save_model_filename = 'pre_ms.mod'
change_lnPgas_flag = .true.
new_lnPgas_flag = .true.
change_initial_net = .true.
new_net_name = 'o18_and_ne22.net'
set_rate_c12ag = 'Kunz' !DC
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set_rate_n14pg = 'jina reaclib' !DC
kappa_file_prefix = 'a09' !DC
kappa_lowT_prefix = 'lowT_fa05_a09p' !DC
kappa_CO_prefix = 'a09_co' !DC
initial_zfracs = 6 !DC
pgstar_flag = .false. !DC
pre_ms_relax_num_steps = 50
history_columns_file = 'my_history_columns.list'
profile_columns_file = 'my_profile_columns.list'
/ ! end of star_job namelist
&controls
Teff_upper_limit = 5000.0
which_atm_option = 'simple_photosphere'
max_years_for_timestep = 0
initial_mass = 1.5
initial_z = 0.02
initial_y = -1 !initial_y = 0.24+2*initial_z
mixing_length_alpha = 1.8
overshoot_alpha = 0.01
add_atmosphere_to_pulse_data = .true.
photo_interval = 500000
profile_interval = 10000
write_pulse_data_with_profile = .true.
max_num_profile_models = 30000
history_interval = 10000
write_header_frequency = 10000
smooth_convective_bdy = .true.
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convective_bdy_weight = 1
/ ! end of controls namelist
&pgstar
/ ! end of pgstar namelist
B.2 Main-sequence MESA Inlist
The main-sequence inlist runs the models as long as the modelled large separation
is above 40 µHz (delta nu lower limit).
&star_job
show_log_description_at_start = .false.
load_saved_model = .true.
saved_model_name = 'pre_ms.mod'
change_lnPgas_flag = .true.
new_lnPgas_flag = .true.
change_initial_net = .true.
new_net_name = 'o18_and_ne22.net'
set_rate_c12ag = 'Kunz'
set_rate_n14pg = 'jina reaclib'
kappa_file_prefix = 'a09' !DC
kappa_lowT_prefix = 'lowT_fa05_a09p'
kappa_CO_prefix = 'a09_co'
initial_zfracs = 6
pgstar_flag = .false.
pre_ms_relax_num_steps = 50
history_columns_file = 'my_history_columns.list'
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profile_columns_file = 'my_profile_columns.list'
/ ! end of star_job namelist
&controls
delta_nu_lower_limit = 40.0
max_age = 14d9
which_atm_option = 'Eddington_grey' !DC
max_years_for_timestep = 0
! limits based on changes in location on HR diagram
!### delta_HR_ds_L
!### delta_HR_ds_Teff
!dlgL = log10(L/L_prev)
!dlgTeff = log10(Teff/Teff_prev)
delta_HR_ds_L = 0.001
delta_HR_ds_Teff = 0.0001
!### delta_HR_limit
!### delta_HR_hard_limit
!limit for dHR (negative means no limit)
!dHR = sqrt((delta_HR_ds_L*dlgL)**2 + (delta_HR_ds_Teff*dlgTeff)**2)
delta_HR_limit = 2D-06
delta_HR_hard_limit = 2D-06
initial_mass = 1.5
initial_z = 0.02
initial_y = -1 !initial_y = 0.24+2*initial_z
mixing_length_alpha = 1.8
overshoot_alpha = 0.01
add_atmosphere_to_pulse_data = .true.
photo_interval = 500000
profile_interval = 1
write_pulse_data_with_profile = .true.
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pulse_data_format = 'FGONG'
max_num_profile_models = 30000
history_interval = 1
write_header_frequency = 100
smooth_convective_bdy = .true.
convective_bdy_weight = 1
/ ! end of controls namelist
&pgstar
/ ! end of pgstar namelist
B.3 GYRE Inlist
For the GYRE inlists, only the input (file) and output (summary file) files were
modified. These inlists were used for GYRE version 4.3.
&model
model_type = 'EVOL'
file = 'profile999.data.FGONG'
file_format = 'FGONG'
!reconstruct_As = .TRUE.
data_format = '(1P,5(X,E26.18E3))'
/
&constants
/
&mode
l = 0
n_pg_min = 0
/
&mode
l = 1
n_pg_min = 0
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/
&mode
l = 2
n_pg_min = 0
/
&osc
outer_bound = 'JCD'
x_ref = 1.0
inertia_norm = 'BOTH'
/
&num
ivp_solver = 'MAGNUS_GL4'
/
&scan
grid_type = 'LINEAR'
freq_units = 'ACOUSTIC_CUTOFF'
freq_min = 0.01
freq_max = 1.3
n_freq = 500
/
&shoot_grid
op_type = 'CREATE_CLONE'el
/
&shoot_grid
op_type = 'RESAMP_DISPERSION'
alpha_osc = 5
alpha_exp = 1
/
&shoot_grid
op_type = 'RESAMP_CENTER'
n = 10
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/
&recon_grid
op_type = 'CREATE_CLONE'
/
&output
summary_file = 'summary_test999.txt'
summary_file_format = 'TXT'
summary_item_list = 'l,n_pg,freq,E_norm'
freq_units = 'UHZ'
/

Appendix C
Ridge Centroid Method Modelling
Results
The next page shows the calculated stellar and surface correction parameters for 70
stars using the ridge centroid method outlined in Chapter 5. Stars are identified by
their Kepler Input Catalog (KIC) number, unless otherwise stated. Each Procyon
scenario is denoted in parentheses.
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Star Mass Initial Z Radius Age νcorr(νmax)/νmax r
(M) (10−2) (R) (Gyr) (10−3)
10068307 1.563 ± 0.008 2.651 ± 0.041 2.128 ± 0.007 2.013 ± 0.047 -3.868 ± 0.064 1.0005 ± 0.0034
10079226 1.042 ± 0.073 1.709 ± 0.373 1.120 ± 0.024 6.081 ± 2.722 -2.417 ± 1.270 0.9995 ± 0.0015
10162436 1.500 ± 0.008 2.135 ± 0.087 2.033 ± 0.010 2.236 ± 0.037 -6.192 ± 0.101 0.9857 ± 0.0045
10454113 1.090 ± 0.061 1.229 ± 0.267 1.218 ± 0.020 4.676 ± 1.667 -1.041 ± 0.543 0.9990 ± 0.0008
10516096 1.049 ± 0.033 1.189 ± 0.233 1.393 ± 0.015 7.305 ± 0.819 -1.377 ± 0.895 0.9985 ± 0.0029
10644253 1.064 ± 0.075 1.519 ± 0.321 1.083 ± 0.023 4.106 ± 2.514 -6.562 ± 0.396 0.9996 ± 0.0020
10730618 1.356 ± 0.034 1.433 ± 0.462 1.755 ± 0.023 2.630 ± 0.274 -6.333 ± 1.578 0.9975 ± 0.0058
10963065 1.034 ± 0.047 0.946 ± 0.197 1.207 ± 0.017 5.901 ± 1.440 -3.306 ± 1.079 0.9988 ± 0.0010
11081729 1.292 ± 0.058 1.680 ± 0.366 1.417 ± 0.017 2.144 ± 0.746 -3.314 ± 3.111 0.9994 ± 0.0013
11253226 1.352 ± 0.044 1.205 ± 0.265 1.581 ± 0.019 1.973 ± 0.303 -1.906 ± 1.937 0.9996 ± 0.0037
11772920 0.904 ± 0.051 1.477 ± 0.436 0.872 ± 0.016 6.218 ± 3.152 2.861 ± 0.195 0.9996 ± 0.0014
12009504 1.127 ± 0.046 1.225 ± 0.249 1.381 ± 0.017 4.915 ± 0.972 -2.075 ± 0.971 0.9987 ± 0.0022
12069127 1.626 ± 0.009 2.133 ± 0.122 2.295 ± 0.010 1.742 ± 0.044 -6.983 ± 0.655 0.9979 ± 0.0053
12069424 1.015 ± 0.024 1.686 ± 0.037 1.200 ± 0.010 8.337 ± 1.109 -3.260 ± 0.347 0.9978 ± 0.0018
12069449 0.934 ± 0.025 1.356 ± 0.044 1.074 ± 0.010 10.292 ± 1.539 -3.083 ± 0.276 0.9981 ± 0.0019
12258514 1.186 ± 0.027 1.800 ± 0.200 1.565 ± 0.015 5.067 ± 0.382 -2.983 ± 0.508 0.9941 ± 0.0048
12317678 1.404 ± 0.011 1.093 ± 0.057 1.828 ± 0.005 2.141 ± 0.070 -3.608 ± 0.832 1.0032 ± 0.0024
1435467 1.317 ± 0.020 1.532 ± 0.245 1.682 ± 0.016 2.987 ± 0.185 -2.580 ± 1.600 0.9986 ± 0.0040
2837475 1.395 ± 0.045 1.468 ± 0.320 1.617 ± 0.018 1.782 ± 0.289 -1.183 ± 2.382 1.0000 ± 0.0045
3427720 1.011 ± 0.073 1.194 ± 0.263 1.082 ± 0.024 5.956 ± 2.799 -5.861 ± 0.338 0.9995 ± 0.0011
3456181 1.559 ± 0.015 1.843 ± 0.210 2.151 ± 0.020 1.874 ± 0.067 -7.504 ± 0.816 0.9968 ± 0.0088
3632418 1.444 ± 0.010 2.123 ± 0.084 1.914 ± 0.011 2.508 ± 0.075 -5.563 ± 0.155 0.9956 ± 0.0052
3656476 1.037 ± 0.046 2.388 ± 0.446 1.294 ± 0.018 9.382 ± 1.898 -7.504 ± 0.719 0.9993 ± 0.0013
3735871 1.050 ± 0.075 1.234 ± 0.269 1.079 ± 0.024 4.189 ± 2.484 -3.972 ± 0.300 0.9997 ± 0.0010
4914923 1.062 ± 0.042 1.796 ± 0.350 1.352 ± 0.017 7.799 ± 1.228 -4.830 ± 0.921 0.9986 ± 0.0015
5184732 1.173 ± 0.036 2.838 ± 0.412 1.327 ± 0.014 4.700 ± 0.903 -2.964 ± 0.382 0.9981 ± 0.0026
5773345 1.497 ± 0.020 2.317 ± 0.315 2.015 ± 0.015 2.266 ± 0.125 -4.390 ± 0.440 0.9983 ± 0.0054
5950854 0.913 ± 0.041 0.865 ± 0.182 1.212 ± 0.017 11.411 ± 1.696 -4.719 ± 0.564 1.0001 ± 0.0003
6106415 1.048 ± 0.038 1.270 ± 0.249 1.206 ± 0.014 6.061 ± 1.252 -3.568 ± 0.748 0.9991 ± 0.0018
6116048 1.000 ± 0.036 0.909 ± 0.176 1.213 ± 0.015 7.153 ± 1.092 -3.531 ± 0.619 0.9983 ± 0.0021
6225718 1.120 ± 0.043 1.172 ± 0.245 1.218 ± 0.014 3.564 ± 0.986 -3.395 ± 0.647 0.9992 ± 0.0012
6508366 1.584 ± 0.013 2.181 ± 0.178 2.189 ± 0.012 1.867 ± 0.052 -4.740 ± 0.527 0.9937 ± 0.0053
6603624 1.019 ± 0.047 2.482 ± 0.459 1.150 ± 0.017 8.709 ± 2.255 -4.174 ± 0.737 0.9994 ± 0.0012
6679371 1.603 ± 0.014 1.799 ± 0.201 2.220 ± 0.020 1.678 ± 0.048 -3.462 ± 1.913 0.9969 ± 0.0064
6933899 1.196 ± 0.021 2.240 ± 0.243 1.604 ± 0.018 5.393 ± 0.305 1.341 ± 0.807 0.9847 ± 0.0106
7103006 1.459 ± 0.021 1.786 ± 0.185 1.941 ± 0.016 2.257 ± 0.143 -5.415 ± 1.192 0.9988 ± 0.0049
7106245 0.884 ± 0.034 0.389 ± 0.077 1.090 ± 0.013 9.246 ± 1.605 3.896 ± 0.935 0.9995 ± 0.0003
7206837 1.258 ± 0.059 1.680 ± 0.356 1.548 ± 0.021 3.509 ± 0.867 2.965 ± 1.767 0.9999 ± 0.0023
7296438 1.052 ± 0.055 2.085 ± 0.424 1.351 ± 0.021 8.780 ± 1.963 -3.243 ± 1.645 0.9995 ± 0.0016
7510397 1.411 ± 0.017 1.822 ± 0.208 1.857 ± 0.021 2.560 ± 0.048 -5.794 ± 0.220 0.9896 ± 0.0085
7680114 1.059 ± 0.038 1.679 ± 0.312 1.387 ± 0.016 7.916 ± 1.027 -5.565 ± 1.335 0.9988 ± 0.0033
7771282 1.224 ± 0.059 1.410 ± 0.290 1.621 ± 0.022 4.120 ± 0.792 -0.575 ± 3.329 0.9995 ± 0.0037
7871531 0.858 ± 0.024 0.988 ± 0.148 0.877 ± 0.008 9.288 ± 1.554 -2.818 ± 0.215 0.9979 ± 0.0036
7940546 1.476 ± 0.010 2.070 ± 0.138 1.976 ± 0.015 2.312 ± 0.056 -5.655 ± 0.169 1.0006 ± 0.0076
7970740 0.843 ± 0.011 0.891 ± 0.078 0.794 ± 0.005 5.089 ± 0.651 1.567 ± 0.028 0.9890 ± 0.0042
8006161 0.981 ± 0.056 2.642 ± 0.456 0.926 ± 0.017 4.521 ± 3.327 -2.809 ± 0.210 1.0000 ± 0.0023
8150065 1.062 ± 0.091 1.084 ± 0.338 1.349 ± 0.039 6.654 ± 2.544 -1.509 ± 11.62 0.9996 ± 0.0013
8179536 1.152 ± 0.062 1.260 ± 0.260 1.322 ± 0.019 3.932 ± 1.306 -3.137 ± 0.899 0.9997 ± 0.0009
8228742 1.438 ± 0.010 2.168 ± 0.152 1.890 ± 0.014 2.528 ± 0.075 -4.339 ± 0.137 1.0012 ± 0.0080
8379927 1.066 ± 0.076 1.207 ± 0.362 1.101 ± 0.024 3.930 ± 2.536 -1.937 ± 0.919 0.9993 ± 0.0010
8394589 0.970 ± 0.057 0.738 ± 0.164 1.138 ± 0.020 7.224 ± 2.215 -1.974 ± 1.057 0.9993 ± 0.0008
8424992 0.905 ± 0.036 1.101 ± 0.232 1.043 ± 0.014 10.869 ± 1.804 1.359 ± 0.804 0.9996 ± 0.0022
8694723 1.154 ± 0.023 0.961 ± 0.117 1.534 ± 0.015 4.532 ± 0.263 -3.612 ± 0.626 0.9870 ± 0.0051
8760414 0.840 ± 0.002 0.432 ± 0.014 1.035 ± 0.001 11.646 ± 0.091 -2.878 ± 0.029 0.9994 ± 0.0000
8938364 1.002 ± 0.022 1.489 ± 0.193 1.355 ± 0.015 9.737 ± 0.641 -2.698 ± 1.915 0.9967 ± 0.0089
9025370 0.969 ± 0.082 1.200 ± 0.428 0.995 ± 0.027 6.284 ± 3.680 -6.160 ± 0.888 0.9997 ± 0.0013
9098294 0.929 ± 0.044 0.990 ± 0.202 1.124 ± 0.017 10.161 ± 2.011 -4.642 ± 0.484 0.9990 ± 0.0013
9139151 1.167 ± 0.057 1.609 ± 0.329 1.149 ± 0.018 1.731 ± 1.265 -4.741 ± 0.583 1.0002 ± 0.0020
9139163 1.339 ± 0.033 1.824 ± 0.372 1.538 ± 0.014 2.233 ± 0.322 -2.346 ± 2.356 0.9985 ± 0.0030
9206432 1.374 ± 0.053 1.928 ± 0.404 1.503 ± 0.016 1.638 ± 0.546 0.507 ± 3.107 0.9996 ± 0.0016
9353712 1.591 ± 0.012 2.152 ± 0.130 2.196 ± 0.011 1.823 ± 0.063 -1.253 ± 0.762 0.9974 ± 0.0059
9410862 0.932 ± 0.051 0.711 ± 0.158 1.138 ± 0.019 8.948 ± 2.178 -1.715 ± 0.321 0.9996 ± 0.0011
9414417 1.451 ± 0.013 1.831 ± 0.202 1.927 ± 0.016 2.320 ± 0.105 -4.727 ± 0.746 0.9965 ± 0.0080
9812850 1.382 ± 0.022 1.410 ± 0.145 1.794 ± 0.018 2.455 ± 0.117 -6.026 ± 0.234 0.9968 ± 0.0072
9955598 0.905 ± 0.050 1.589 ± 0.318 0.887 ± 0.016 7.258 ± 3.215 -0.968 ± 0.226 0.9992 ± 0.0023
9965715 1.047 ± 0.064 0.648 ± 0.241 1.254 ± 0.024 5.109 ± 1.556 -4.610 ± 0.476 0.9989 ± 0.0009
HD 181420 1.270 ± 0.068 1.311 ± 0.173 1.604 ± 0.018 3.262 ± 0.898 3.773 ± 3.237 1.0001 ± 0.0017
HD 49933 1.132 ± 0.074 0.561 ± 0.122 1.386 ± 0.018 3.809 ± 1.277 -1.374 ± 4.643 0.9995 ± 0.0005
θ Cyg 1.374 ± 0.025 1.399 ± 0.181 1.500 ± 0.010 1.435 ± 0.170 -1.959 ± 2.167 0.9986 ± 0.0023
Procyon (A) 1.528 ± 0.014 1.350 ± 0.002 2.068 ± 0.006 1.770 ± 0.083 10.742 ± 4.632 0.9959 ± 0.0077
Procyon (B) 1.485 ± 0.018 1.271 ± 0.123 1.979 ± 0.013 1.884 ± 0.087 -8.935 ± 5.096 0.9932 ± 0.0045
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